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Abstract. The structure theory of finite real spectral triples developed by 
Krajewski and by Paschke and Sitarz is generalised to allow for arbitrary KO- 
dimension and the failure of orientability and Poincare duality, and moduli 
spaces of Dirac operators for such spectral triples are defined and studied. This 
theory is then applied to recent work by Chamseddine and Connes towards 
deriving the finite spectral triple of the noncommutative-geometric Standard 
Model. 



1. Introduction 

From the time of Connes's 1995 paper [5], spectral triples with finite-dimen- 
sional *-algebra and Hilbert space, or finite spectral triples, have been central to the 
noncommutative-geometric (NCG) approach to the Standard Model of elementary 
particle physics, where they are used to encode the fermionic physics. As a result, 
they have been the focus of considerable research activity. 

The study of finite spectral triples began in earnest with papers by Paschke 
and Sitarz [50] and by Krajewski [15], first released nearly simultaneously in late 
1996 and early 1997, respectively, which gave detailed accounts of the structure of 
finite spin geometries, i.e. of finite real spectral triples of i^TO-dimension mod 8 
satisfying orientability and Poincare duality. In their approach, the study of finite 
spectral triples is reduced, for the most part, to the study of multiplicity matri- 
ces, integer- valued matrices that explicitly encode the underlying representation- 
theoretic structure. Krajewski, in particular, defined what are now called Krajew- 
ski diagrams to facilitate the classification of such spectral triples. lochum, Jureit, 
Schiicker, and Stephan have since undertaken a programme of classifying Krajewski 
diagrams for finite spectral triples satisfying certain additional physically desirable 
assumptions [T2Hl4l[22] using combinatorial computations TT , with the aim of fix- 
ing the finite spectral triple of the Standard Model amongst all other such triples. 

However, there were certain issues with the then-current version of the NCG 
Standard Model, including difficulty with accomodating massive neutrinos and the 
so-called fermion doubling problem, that were only to be resolved in the 2006 
papers by Connes ^7: and by Chamseddine, Connes and Marcolli [1], which use 
the Euclidean signature of earlier papers, and by Barrett [Tj, which instead uses 
Lorentzian signature; we restrict our attention to the Euclidean signature approach 
of [7] and [4], which has more recently been set forth in the monograph 8 of 
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Connes and MarcoUi. The finite spectral triple of the current version has KO- 
dimension 6 mod 8 instead of mod 8, fails to be orientable, and only satisfies a 
certain modified version of Poincare duality. It also no longer satisfies S'^-reality, 
another condition that holds for the earlier finite geometry of ^GJ, though only 
because of the Dirac operator. Jureit, and Stephan [15l[T6] have since adopted the 
new value for the XO-dimension, but further assume orientability and Poincare 
duality. As well, Stephan 2b\ has proposed an alternative finite spectral triple for 
the current NCG Standard Model with the same physical content but satisfying 
Poincare duality; it also just fails to be S'^'-rcal in the same manner as the finite 
geometry of [4J; in the same paper, Stephan also discusses non-orientable finite 
spectral triples. 

More recently, Chamseddine and Connes [2','3^ have sought a purely algebraic 
method of isolating the finite spectral triple of the NCG Standard Model, by which 
they have obtained the correct *-algebra, Hilbert space, grading and real structure 
using a small number of fairly elementary assumptions. In light of these successes, 
it would seem reasonable to try to view this new approach of Chamseddine and 
Connes through the lens of the structure theory of Krajewski and Paschke-Sitarz, 
at least in order to understand better their method and the assumptions involved. 
This, however, would require adapting that structure theory to handle the failure 
of orientability and Poincare duality, yielding the initial motivation of this work. 

To that end, we provide, for the first time, a comprehensive account of the 
structure theory of Krajewski and Paschke-Sitarz for finite real spectral triples 
of arbitrary ii'O-dimension, without the assumptions of orientability or Poincare 
duality; this consists primarily of straightforward generalisations of the results and 
techniques of [20 and 18J. In this light, the main features of the approach presented 
here are the following: 

(1) A finite real spectral triple with algebra A is to be viewed as an A- 
bimodule with some additional structure, together with a choice of Dirac 
operator compatible with that structure. 

(2) For fixed algebra A^ an ^-bimodule is entirely characterised by its mul- 
tiplicity matrix (in the ungraded case) or matrices (in the graded case), 
which also completely determine(s) what sort of additional structure the 
bimodule can admit; this additional structure is then unique up to unitary 
equivalence. 

(3) The form of suitable Dirac operators for an ^-bimodule with real structure 
is likewise determined completely by the multiplicity matrix or matrices 
of the bimodule and the choice of additional structure. 

However, we do not discuss Krajewski diagrams, though suitable generalisation 
thereof should follow readily from the generalised structure theory for Dirac oper- 
ators. 

Once we view a real spectral triple as a certain type of bimodule together with a 
choice of suitable Dirac operator, it then becomes natural to consider moduli spaces 
of suitable Dirac operators, up to unitary equivalence, for a bimodule with fixed 
additional structure, yielding finite real spectral triples of the appropriate KO- 
dimension. The construction and study of such moduli spaces of Dirac operators 
first appear in [4], though the focus there is on the sub-moduli space of Dirac 
operators commuting with a certain fixed subalgebra of the relevant *-algebra. 
Our last point above almost immediately leads us to relatively concrete expressions 
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for general moduli spaces of Dirac operators, which also appear here for the first 
time. Multiplicity matrices and moduli spaces of Dirac operators are then worked 
out for the bimodules appearing in the Chamseddine-Connes-Marcolli formulation 
of the NCG Standard Model ^A^Si as examples. 

Finally, we apply these methods to the work of Chamseddine and Connes [2l[3] , 
offering concrete proofs and some generalisations of their results. In particular, the 
choices determining the finite geometry of the current NCG Standard Model within 
their framework are made explicit. 

This work, a revision of the author's qualifying year project (master's thesis 
equivalent) at the Bonn International Graduate School in Mathematics (BIGS) 
at the University of Bonn, is intended as a first step towards a larger project of 
investigating in generality the underlying noncommutative-geometric formalism for 
field theories found in the NCG Standard Model, with the aim of both better 
understanding current versions of the NCG Standard Model and facilitating the 
further development of the formalism itself. 

The author would like to thank his supervisor, Matilde Marcolli, for her exten- 
sive comments and for her advice, support, and patience, Tobias Fritz for useful 
comments and corrections, and George Elliott for helpful conversations. The author 
also gratefully acknowledges the financial and administrative support of BIGS and 
of the Max Planck Institute for Mathematics, as well as the hospitality and support 
of the Department of Mathematics at the California Institute of Technology and of 
the Fields Institute. 



2. Preliminaries and Definitions 

2.1. Real C*-algebras. In light of their relative unfamiliarity compared to 
their complex counterparts, we begin with some basic facts concerning real C*- 
algebras. 

First, recall that a real ^-algebra is a real associative algebra A together with 
an involution on A, namely an antihomomorphism * satisfying *^ = id, and that 
the unitalisation of a real *-algebra A is the unital real *-algebra A defined to 
be ^ © R as a real vector space, together with the multiphcation {a,a){b,(3) := 
{ah + ab + /3a, a/3) for a, b G A, a, (3 € M. and the involution -k © idR. Note that if 
A is already unital, then A is simply ^ © R. 

Definition 2.1. A real C* -algebra is a real *-algebra A endowed with a norm |j-|| 
making A a real Banach algebra, such that the following two conditions hold: 

(1) Va e A, \\a*a\\ = ||a||^ {C* -identity); 

(2) ya E A, 1 + a*a is invertible in A (symmetry). 

The symmetry condition is redundant for complex C*-algebras, but not for 
real C*-algebras. Indeed, consider C as a real algebra together with the trivial 
involution * = id and the usual norm ||C|| = |C|j C G Then C with this choice of 
involution and norm yields a real Banach *-algebra satisfying the C*-identity but 
not symmetry, for 1 + = is certainly not invertible in C = C © R. 

Now, in the finite-dimensional case, one can give a complete description of real 
C*-algebras, which we shall use extensively in what follows: 
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Theorem 2.2 (Wedderburn's theorem for real C*-algebras lUj). Let A be a finite- 
dimensional real C* -algebra. Then 

N 

(2.1) ^^0Af„.(K,), 

1=1 

where = M. C, or M, and nt G N. Moreover, this decomposition is unique up to 
permutation of the direct summands. 

Note, in particular, that a finite-dimensional real C*-algebra is necessarily uni- 

tal. 

Given a finite-dimensional real C*-algebra A with fixed Wedderburn decompo- 
sition ©^]^M„. (Ki) we can associate to ^ a finite dimensional complex C*-algebra 
^C) the complex form of A, by setting 

N 

(2.2) ^c:=0M„,(C), 

1=1 

where = 2ni if = H, and — Hi otherwise. Then A can be viewed as a real 
*-subalgebra of Ac such that Ac — A-\- iA, that is, as a real form of ^c- Here, H 
is considered as embedded in M2(C) by 

for Ci, C2 e C. 

In what follows, we will consider only finite-dimensional real C*-algebras with 
fixed Wedderburn decomposition. 

2.2. Representation theory. In keeping with the conventions of noncommu- 
tative differential geometry, we shall consider ^-representations of real C*-algebras 
on complex Hilbert spaces. Recall that such a (left) representation of a real C*- 
algebra A consists of a complex Hilbert space TC together with a *-homomorphism 
A : ^ — > C{7i) between real C*-algebras. Similarly, a right representation of A 
is defined to be a complex Hilbert space Ti together with a antihomomorphism 
p : A ^ C{T-L) between real C*-algebras. For our purposes, then, an A-bimodule 
consists of a complex Hilbert space H together with a left ^-representation A and 
a right ^-representation p that commute, i.e. such that [A(a), /?(&)] = for all a, 
b G A. In what follows, we will consider only finite-dimensional representations 
and hence only finite-dimensional bimodules; since finite-dimensional C*-algebras 
are always unital, we shall require all representations to be unital as well. 

Now, given a left [right] representation a = {Ti-jTr) of an algebra A, one can 
define its transpose to be the right [left] representation = (7i*,Tr"^) , where 
7r^(a) := 7r(a)-^ for all a G A. Note that for any left or right representation a, 
(a^)'^ can naturally be identified with a itself. In the case that H — , we 
shall identify TC* with TC by identifying the standard ordered basis on TC with the 
corresponding dual basis on TC*. The notion of the transpose of a representation 
allows us to reduce discussion of right representations to that of left representations. 

Since real C*-algebras are semisimple, any left representation can be written as 
a direct sum of irreducible representations, unique up to permutation of the direct 
summands, and hence any right representation can be written as a direct sum of 
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transposes of irreducible representations, again unique up to permutation of the 
direct summands. 

Definition 2.3. The spectrum ^ of a real C*-algebra A is the set of unitary 
equivalence classes of irreducible representations of A. 

Now, let ^ be a real C*-algebra with Wedderburn decomposition ©^^M/j. (Kj). 
Then 

N 

(2.3) A=\jAdi^i), 

i=l 

where the embedding of M/j. (Kj) in A is given by composing the representation 
maps with the projection of A onto the direct summand M/j.(Kj). The building 
blocks for A are as follows: 

(1) m;^) = {[(C",a)]}, 

(2) M4C) = {[(C",A)],[(C^,A)]}, 

(3) m3[) = {[(C2",A)]}, 

where A(a) denotes left multiplication by a and A(a) denotes left multiplication by 
a. 

Definition 2.4. Let .4 be a real C*-algebra, and let a € A. We shall call a 
conjugate-linear if it arises from the conjugate-linear irreducible representation 
(a I— > a, C"') of a direct summand of A of the form M„.(C); otherwise we shall 
call it complex-linear. 

Thus, a representation a of the real C*-algebra A extends to a C-linear *- 
representation of .4c if and only if a is the sum of complex-linear irreducible rep- 
resentations of A. 

Finally, for an individual direct summand M^fe. (K^) of A, let denote its unit, 
rii the dimension of its irreducible representations (which is therefore equal to 2ki if 
Kj = H, and to kt itself otherwise), nj its complex-linear irreducible representation, 
and, if = C, Tii its conjugate- linear irreducible representation. We define a strict 
ordering < on ^ by setting a < (3 whenever a € M„.(Kj), (3 G Mn- (Kj) for i < j, 
and by setting nj < rTj in the case that Kj = C. Note that the ordering depends 
on the choice of Wedderburn decomposition, i. e. on the choice of ordering of the 
direct summands. Let S denote the cardinality of A. We shall identify Ms(M) with 
the real algebra of functions A^ — > M, and hence index the standard basis {Eap} 
of Ms(M) by i^. 

2.3. Bimodules and spectral triples. Let us now turn to spectral triples. 

Recall that we arc considering only finite-dimensional algebras and representations 
(i.e. Hilbert spaces), so that we are dealing only with what are termed finite or 
discrete spectral triples. 

Let n and H' be Abimodules. We shall denote by C^iH, H'), C^iH, H'), and 
L^CH, H') the subspaccs of £(7^, H') consisting of left .A-linear, right yl-linear, and 
left and right yl-Iincar operators, respectively. In the case that Ti' = H, we shall 
write simply £\{H), C^(H) and C^(H). If iV is a subalgebra or linear subspace 
of a real or complex C*-algebra, we shall denote by iVga the real linear subspace of 
N consisting of the self-adjoint elements of N, and we shall denote by U(A'') set of 
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unitary elements of N. Finally, for operators A and i? on a Hilbert space, we shall 
denote their anticommutator AB + BA by {A, B}. 

2.3.1. Conventional definitions. We begin by recalling the standard definitions 
for spectral triples of various forms. Since we are working with the finite case, 
all analytical requirements become redundant, leaving behind only the algebraic 
aspects of the definitions. 

The following definition first appeared in a 1995 paper ^ by Connes: 

Definition 2.5. A spectral triple is a triple Ti,!?), where: 

• ^ is a unital real or complex *-algebra; 

• 7i is a complex Hilbert space on which A has a left representation A : 

• D, the Dirac operator, is a self-adjoint operator on Ti.. 

Moreover, if there exists a Z/2Z-grading 7 on ?i {i.e. a self-adjoint unitary on 
H) such that: 

(1) [7, A(a)] = for aU a e A, 

(2) {7,D} = 0; 

then the spectral triple is said to be even. Otherwise, it is said to be odd. 

In the context of the general definition for spectral triples, a finite spectral 
triple necessarily has metric dimension 0. 

In a slightly later paper [6] , Connes defines the additional structure on spectral 
triples necessary for defining the noncommutative spacetime of the NCG Standard 
Model; indeed, the same paper also contains the first version of the NCG Standard 
Model to use the language of spectral triples, in the form of a reformulation of the 
so-called Connes-Lott model. 

Definition 2.6. A spectral triple {A,7i,D) is called a real spectral triple of KO- 
dimension n mod 8 if, in the case of n even, it is an even spectral triple, and if there 
exists an antiunitary J : Ti. ^ Ti. such that: 

(1) J satisfies — e, JD — e'DJ and J7 = e"^J (in the case of even n), 
where e, e' , e" G { — 1, 1} depend on n mod 8 as follows: 



n 





1 


2 


3 


4 


5 


6 


7 


£ 


1 


1 


-1 


-1 


-1 


-1 


1 


1 


e' 


1 


-1 


1 


1 


1 


-1 


1 


1 


e" 


1 




-1 




1 




-1 





(2) The order zero condition is satisfied, namely [A(a), JA(&) J*] = for all a, 
h^A; 

(3) The order one condition is satisfied, namely [[£), A(a)], JA(6) J*] = for 
all a, b a A. 

Moreover, if there exists a self-adjoint unitary e on ?i such that: 

(1) [e, A(a)] = for aU a e A] 

(2) [e,i?]=0; 

(3) {e, J} = 0; 

(4) [e,7] — (even case); 

then the real spectral triple is said to be S^-real. 



FINITE SPECTRAL TRIPLES 



7 



Remark 2.7 (Krajewski [HI §2.2], Paschke-Sitarz [20l Obs. 1]). If {A,n,D) is a 
real spectral triple, then the order zero condition is equivalent to the statement that 
Ti is an yl-bimodule for the usual left action A and the right action p : a i-^ JX{a*)J* . 

It was commonly assumed until fairly recently that the finite geometry of the 
NCG Standard Model should be S"'-real. Though the current version of the NCG 
Standard Model no longer makes such an assumption [4|[7], we shall later see that 
its finite geometry can still be seen as satisfying a weaker version of S'°-reality. 

2.3.2. Structures on bimodules. In light of the above remark, the order one con- 
dition, the strongest algebraic condition placed on Dirac operators for real spectral 
triples, should be viewed more generally as a condition applicable to operators on 
bimodules \2M §2-4]. This then motivates our point of view that a finite real spec- 
tral triple {A, H, D) should be viewed rather as an ^-bimodule with additional 
structure, together with a Dirac operator satisfying the order one condition that 
is compatible with that additional structure. We therefore begin by defining a 
suitable notion of "additional structure" for bimodules. 

Definition 2.8. A bimodule structure P consists of the following data: 

• A set V — P^UVjUVe, where each set Px is either empty or the singleton 
{X}, and where P^ is non-empty only if Pj is non-empty; 

• If Pj is non-empty, a choice of KO-dimension n mod 8, where n is even 
if and only if P-y is non-empty. 

In particular, we call a structure P: 

• odd if P is empty; 

• even \i P = P^ — {7}; 

• real if Pj is non-empty and 'Pe is empty 

• S^-real if P^ is non-empty. 

Finally, if P is a graded structure, we call 7 the grading, and if P is real or 
S''^-real, we call J the charge conjugation. 

Since this notion of A'O-dimcnsion is meant to correspond with the usual XO- 
dimension of a real spectral triple, we assign to each real or 5''^-real structure P of 
-ftTO-dimension n mod 8 constants e, e' and, in the case of even n, e" , according to 
the table in Definition 12.61 

We now define the structure algebra of a structure P to be the real associative 
algebra with generators P and relations, as applicable, 

7^ = 1, J' = £, e2^1;7J = £"J7, [7,e]-0, {e, J} = 0. 

Definition 2.9. An ^-bimodule H is said to have structure P whenever it admits 
a faithful representation of the structure algebra of P such that, when applicable, 
7 and e are represented by self-adjoint unitaries in C^{T-C), and J is represented 
by an antiunitary on Ti. such that 

(2.4) Va e A, p(a) = JX{a*)J. 

Note that a S^-ieal bimodule can always be considered as a real bimodule, 
and a real bimodule of even [odd] i^O-dimension can always be considered as an 
even [odd] bimodule. Note also that an even bimodule is simply a graded bimodule 
such that the algebra acts from both left and right by degree operators, and the 
grading itself respects the Hilbert space structure; an odd bimodule is then simply 
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an ungraded bimodule. We use the terms "even" and "odd" so as to keep the 
terminology consistent with that for spectral triples. 

Note also that for a real or S'"-real structure P, the structure algebra of P is 
independent of the value of e' . Thus the notions of real [S'"-real] ^-bimodule with 
iiTO-dimension 1 mod 8 and 7 mod 8 are identical, as are the notions of [S'°-real] A- 
bimodule with ii'O-dimension 3 mod 8 and 5 mod 8; again, we make the distinction 
with an eye to the discussion of Dirac operators (and hence of spectral triples) later 
on. 

Now, a unitary equivalence of ^-bimodules 7i and Ti.' with structure P is a 
unitary equivalence of ^-bimodules {i.e. a unitary element of C^{Ti,,Ti,')) that 
effects unitary equivalence of the representations of the structure algebra of P. 
We denote the set of all such unitary equivalences — > W by \]^{TL,'H' ]V). 
In particular, \]^{T-L,'H;V), which we denote by U^^(7Y; P), is a subgroup of 
U^^('H) :— U(£^^ (7i)). In all such notation, we suppress the argument V whenever 
V is empty. 

Definition 2.10. Let ^ be a real C*-algebra, and let P be a bimodule structure. 
The abelian monoid (Bimod(.A, P), +) of ^-bimodules with structure P is defined 
as follows: 

• Bimod(^, P) is the set of unitary equivalence classes of ^-bimodules with 
structure P; 

• For [HI [W] e Bimod(^,P), [H] + [H'] [H^H']. 

For convenience, we shall denote Bimod(.A, P) by: 

• Bimod(^) if P is the odd structure; 

• Bimod°™"(.A) if P is the even structure; 

• Bimod(^, n) if P is the real structure of ii'O-dimension n mod 8; 

• Bimod"(^, n) if P is the S'*'-real structure of /-iTO-dimension n mod 8. 
These monoids will be studied in depth in the next section. In light of our earlier 
comment, we therefore have that 

Bimod(A 1) = Bimod(y^, 7), Bimod(y4, 3) = Bimod(A 5). 

and 

Bimod°(y4, 1) = Bimod°(y^, 7), Bimod°{A, 3) = Bimod°(y4, 5). 
Finally, for the sake of completeness, we now define the notions of orientabilty 
and Poincare duality in this more general context; in the case of a real spectral 
triple {A,Ti, D,j, J) of even ifO-dimension, where the right action is given by 
p{a) := JX{a*)J*, these definitions yield precisely the usual ones (c/. [18, §§2.2, 
2.3]). 

Definition 2.11. We call an even ^-bimodule (7i,7) orientable if there exist 
ai, . . . , flfc, 6i, . . . , 6fc € A such that 

k 

(2.5) 7-E^(«»)^(^*)- 

1=1 

Definition 2.12. Let ^ be a real C*-algebra, and let {TC, 7) be an even ^-bimodule. 
Then the intersection form (•, •) : KOq{A) x KOq{A) Z associated with [TL,^) 
is defined by setting 

(2.6) ([e] , [/]) := tr(7A(e)p(/)) 
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for projections e, f Cz A. 

In the case that the intersection form is non-degenerate, we shall say that (7i, 7) 
satisfies Poincare duality. 

The orientability assumption was used extensively in [50] and [TS], as it leads 
to considerable algebraic simplifactions; we shall later define a weakened version of 
orientability that will yield precisely those simplifications. 

2.3.3. Bilateral spectral triples. We now turn to Dirac operators on bimodules 
satisfying a generalised order one condition, and define the appropriate notion of 
compatibility with additional structure on the bimodule. 

Definition 2.13. A Dirac operator for an ^-bimodule Ti. with structure P is a 
self-adjoint operator D on Ti satisfying the order one condition: 

(2.7) Va,6eA [[AA(a)],p(&)] =0, 
together with the following relations, as applicable: 

{15,7} = 0, DJ^e'JD, [D,e]^0. 

We denote the finite-dimensional real vector space of Dirac operators for an an 
^-bimodule H with structure P by 'Dq{A,H,V). 

Definition 2.14. A bilateral spectral triple with structure P is a triple of the form 
{A, H, D), where ^ is a real C*-algebra, H is an .4-bimodule with structure P, and 
D is a Dirac operator for {H, P). 

We shall generally denote such a spectral triple by {A, H, D; V), where V is the 
set of generators of the structure algebra; in cases where the presence or absence of 
a grading 7 is immaterial, we will suppress the generator 7 in this notation. 

Remark 2.15. In the case that P is a real [S'°-real] structure of A'O-dimension 
n mod 8, a bilateral spectral triple with structure P is precisely a real [S''^-real] 
spectral triple of ATO-dimension n mod 8. 

More generally, an odd [even] bilateral spectral triple (A, H, D) is equivalent to 
an odd [even] spectral triple {A(»A°P,n,D) such that [[D , A 1] A A°p] = {0}, 
an object that first appears in connection with 5*'-real spectral triples 

A unitary equivalence of spectral triples {A,Ti.,D) and (A^Ti' , D') is then a 
unitary U £ Uj^^(H,H') such that D' ^ UDU*. This concept leads us to the 
following definition: 

Definition 2.16. Let ^ be a real C*-algebra, and let H be an y^-bimodule with 
structure P. The moduli space of Dirac operators for Ti is defined by 

(2.8) ViA, H, V) := Po(A V)/ U^f (W, P), 
where \]^{Ti,V) acts on VQ{A,Ti,V) by conjugation. 

If C is a central subalgebra of A, we can form the subspace 

(2.9) Po(A n, V; C) := [D G Po(A V) \ [D, A(C)] = [D, p{C)] = {0}}. 
and hence the sub-moduli space 

(2.10) V{A,n,V;C) ■.= VoiAn,V;C)/v]^in,v), 

of Vo{A,Tl,V); the moduh space of Dirac operators studied by Chamseddine, 
Connes and MarcolH [H §2.7],[8l §13.4] is in fact a sub-moduli space of this form. 
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Since T>{A, H, V) [D{A, H, P; C)] is the orbit space of a smooth finite-dimension- 
al representation of a compact Lie group, it is a priori locally compact HausdorfF, 
and is thus homeomorphic to a semialgebraic subset of M'^ for some d [H]. The 
dimension of T>{A,H,V) ['D{A,H,V;C)] can then be defined as the dimension of 
this semialgebraic set. Such moduli spaces will be discussed in some detail. 

2.3.4. S'^ -reality. Following Connes f6], we now describe how to reduce the 
study of S^-ieeA bimodules of even [odd] ii'O-dimension to the study of even [odd] 
bimodules. 

Let J, e) be an S'°-real ^-bimodule of even [odd] ifO-dimension. Define 
mutually orthogonal projections Pi, P-i in C^[H) by P±i = ^(1 ± e). Then, at 
the level of even [odd] bimodules, H — Hi ® H.^i for TL±i := P±i'H, where the left 
and right actions on Ti.±i are given by 



for a £ A, and, in the case of even XO-dimension, the grading on Ti.±i is given by 
7±i := P±nP±f Moreoever, 



and in the case of even if O-dimension, 7_i = e"JjJ*. Finally, note that J can 
also be viewed as a unitary Tii — > Ti-i, where Tii denotes the conjugate space of 
Ti.. Hence, for fixed ifO-dimension, an 5'°-real ^-bimodule H is determined, up to 
unitary equivalence, by the bimodule Hi. 

On the other hand, if V is an even [odd] ^-bimodule, we can construct an 5"°- 
real ^-bimodule H for any even [odd] /fO-dimension n mod 8 such that Hi = V, 
by setting H -.^ Ht ® H-t for Ht V, H-^ := V, defining J : Hi ^ H-i as the 
identity map on V viewed as an antiunitary V ^ V, then using the above formulas 
to define J, 7 (as necessary), A, p, and finally setting e = ly © (— ly). In the case 
that V is already Hi for some S''^-real bimodule H, this procedure reproduces H up 
to unitary equivalence. We have therefore proved the following: 

Proposition 2.17. Let A he a real C* -algebra, and let n G Zg. Then the map 



defined by [H] ^ [Hi] is an isomorphism of monoids. 

Now, let H is an S'^-real ^-bimodule, and suppose that D is a Dirac operator 
for H. We can define Dirac operators Di and D^i on Hi and H^i, respectively, by 
P>±i P±iDP±i; then D ^ D^® D^^ and, in fact, D^i = e'JDiJ*. Thus, a Dirac 
operator D onH is completely determined by Di ; indeed, the map D Di defines 
an isomorphism VqIA, H, J, e) = Vo{A, H). 

Along similar lines, one can show that {H, J) = \]^{Hi) by means of 
the map U Ui := PiUPi] this isomorphism is compatible with the isomorphism 
Vo{A,H, J,e) = Vq^A^H). Hence, the functional equivalence between H and Hi 
holds at the level of moduli spaces of Dirac operators: 



\±i{a) :^ P±jA(a)P±i, p±i{a) := P±tp{a)P±. 



-.1 1 




where J := P-iJPi is an antiunitary Hi — s- H-i, so that for a £ A, 



X-i{a) = Jp.i{a*)J*, p-i[a) = JXi{a*)J*, 
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Proposition 2.18. Let H be an S^-real A-himodule. Then 

(2.11) V{A,n,J,€)^V{A,Hi). 

One can similarly show that for a central subalgebra C of A, 

V{A,n, J,e;C) ^ V{A,ni;C). 

Let us conclude by considering the relation between orientability and Poincare 
duality for an S'^-real bimodule H of even iCO-dimension and orientability and 
Poincare duality, respectively, for the associated even bimodule Hi. 

Proposition 2.19. LetH be an -real A-himodule of even KO-dimension. Then 
H is orientable if and only if there exist ai, . . . ,ak,bi, . . . ,bk & A such that 

k k 

(2.12) 7. = Y.K{a,)p,{b,) = e"Y,\{b';)pM-)- 

Proof. Let ai, . . . , a/j, bi,...,bk & A, and set T = Yl'j=i H^j)Pibj)- Then 

k 

Ti := P.TPi = J2Xi{aj)pi{bj), 

while 

k / k \ 

T_i := P_,rP_, = ^A_,(a,)p_,(6,) = J( ^ A,(6*)p,(a*) J J*. 
Hence, T_j = e"JTiJ* if and only if 

k k 

£"^K{b*)pi{a*) = T, ^^\{aj)p,{hj). 

Applying this intermediate result to aj and bj such that 7 = \{aj)p{hj), in the 

case that Ti. is orientable, and then to aj and hj such that 7i = ^i{0'j)Piibj), 
in the case that Ti^ is orientable, yields the desired result. □ 

Thus, orientability of an ^^-real bimodule 7i is equivalent to a stronger version 
of orientability on the bimodule Hi. 

Turning to Poincare duality, we can obtain the following result: 

Proposition 2.20. Let H he an S^-real A-himodule of even KO-dimension with 
intersection form {■,•), and let {•,-)^ he the intersection form for Hi. Then for any 
p,qG KOoiA), 

{p,q) = {p,q}i + £" {Q,p)i- 

Proof. Let e, / G ^ be projections. Then 
([e],[/])=tr(7A(e)p(/)) 

= tr(7,A,(e)p,(/)) + tr(7_,A_,(e)p_,(/)) 

= tr{jMe)M.f)) + e" tr{JJMf)P^{e)J*) 
= tv{JMe)p^{f)) + e"tr(7,A,(/)pi(e)) 
= (H,[/]), + ^"([/],[e]),, 
where we have used the fact that the intersection forms are integer- valued. □ 
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Thus, Poincare duality on an S'^-real bimodule Ti is equivalent to nondcgener- 
acy of either the symmetrisation or antisymmetrisation of the intersection form on 
Tii, as the case may be. 

3. Bimodules and Multiplicity Matrices 

We now turn to the study of bimodules, and in particular, to their characterisa- 
tion by multiplicity matrices. We shall find that a bimodule admits, up to unitary 
equivalence, at most one real structure of any given if 0-dimension, and that the 
multiplicity matrix or matrices of a bimodule will determine entirely which real 
structures, if any, it does admit. 

In what follows, A will be a fixed real C* -algebra. 

3.1. Odd bimodules. Let us begin with the study of odd bimodules. 
For m G A/5(Z>o), we define an ^-bimodule Tim by setting 

a,l3<£A 

Am(a) := Aa(a) (g) ® 1„^, a e A, 

a,f3eA 

Pm{a) In^ ® '^m^fi ® ^piaf , a & A. 

Here we use the convention that 1„ is the identity on C", with C'' := {0} and hence 
lo :=0. 

Proposition 3.1 (Krajewski [TF, §3.1], Paschke-Sitarz [2Ql Lemmas 1, 2]). The 
map bimod : Ms{1>>a) — > Biniod(^) given by m i—> [Hm] is an isomorphism of 
monoids. 

Proof. By construction, bimod is an injective morphism of monoids. It there- 
fore suffices to show that bimod"*^"^ is also surjective. 

Now, let Ti, be an ^-bimodule. For a G ^4 define projections and by 

A(ei) if a = Ui for Ki =/= C, 

Pi := { i (A(e,) - iX{ie,)) if a = n, for K, = C, 
i (A(ei) + iX{iei)) if a = Hi for Ki = C, 

p{ei) a a ~ ni for Ki ^ C, 

i (p(ej) - ip{iei)) if a = for Ki = C, 



and 



pR 



^ i (p(ej) -I- ip{iei)) if a = for IK^ = C, 

respectively; by construction, P^ E X{A) + iX{A) and P^ £ p{A) + ip{A), so 
that for a, (3 E A, P^ and P^ commute. We can therefore define projections 
-Pa/3 ■— PaPp for each a, (} E A] \i is then easy to see that each HaiJ ■= Pap'H is 
a sub- ^-bimodule of Ti, and that Ti = /3g^^a/3- 

Let a, (3 E A. As noted before, the left action of A on TLap must decompose 
as a direct sum of irreducible representations, but by construction of 7ia/3) those 
irreducible representations must all be a. Similarly, the right action on T^q,/? must 
be a direct sum of copies of (3. Since the left action and right action commute. 
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we must therefore have that "Hap = 'Hm.apEafi foi' some niap G Z>o- Taking the 
direct sum of the TLap, we therefore see that Ti. is unitarily equivalent to Tim for 
m = {map) G Af5(Z>o), that is, [Ti] = bimod(m). □ 

We denote the inverse map bimod^^ : Bimod(yl) — ^ Ms{Z>a) by mult. 

Definition 3.2. Let H be an ^-bimodule. Then the multiplicity matrix of A is 
the matrix mult[7Y] G Mg{Z>Q). 

From now on, without any loss of generality, we shall assume that an A- 
bimodule Ti with multiplicity matrix m is ?i,„ itself. 

Remark 3.3. Multiplicity matrices readily admit a iC-theoretic interpretation [TU] . 
For simplicity, suppose that A is a complex C*-algebra and consider only complex- 
linear representations. Then for Ti. an ^-bimodule, mult[?i] is essentially the Brat- 
teli matrix of the inclusion X{A) piA)' C C{TC) (cf. [9l §2]), and can thus 
be interpreted as representing the induced map K(j[X[A)) Kq{p{A)') in com- 
plex if-theory. Likewise, mult[7i]^ can be interpreted as representing the map 
Ko{p{A)) Ko{\{A)') induced by the inclusion p{A) ^ A(^)' C C{n). Similar 
interpretations can be made in the more general context of real C*-algebras and 
ifO-thcory. 

We shall now characterise left, right, and left and right ^-linear maps between 
y^-bimodules. Let Ti. and Ti.' be ^-bimodulcs with multiplicity matrices m and m', 
respectively, let P^p be the projections on Ti defined as in the proof of Proposi- 
tion (SHI and let P^p be the analogous projections on H' . Then any linear map 
T : Ti ^ Ti' is characterised by the components 

(3.1) T2'p P;,rPa;3, 

which we view as maps Tj^ : C"° (g) C"°f (g) C"" ^ C"^ (g) C™^* ® C"* , or equiv- 
alently, as elements T^p € M„^xn<,(C) g) M„/^^x>n„^ ^ M„^xn^(C). Thus we have 
an isomorphism 

comp : C{Ti,Ti') ^ M„^x„JC) ® M„^^xm„^ M„,x„^(C) 

a.p,"f.5eA 

given by comp(r) := iT^p)^ p -y seA- Note that when Ti = Ti' , T is self-adjoint if 
and only if T^"/ = (Tjj)* for all a, f3, S A. 

Proposition 3.4 (Krajewski [HI §3.4]). Let Ti and Ti' be A-bimodules with mul- 
tiplicity matrices m and m' , respectively. Then 

(3.2) comp(/:^(H,H')) = 1«„ <gM„.^^xm„,(C)(gM„,xn^(C), 

a,p,&eA 

(3.3) comp(/:5(H,7^')) = M„^x„JC)®M„.^x™„,(C)®l„,, 

a,p,-i^A 

(3.4) comp(£^f (?^,H')) = 1„„ '8)M„-^^xm„^(C)®l„^. 

a,peA 

Proof. Observe that T G C{H, Ti') is left, right, or left and right Alinear if 
and only if each T^p is left, right, or left and right A. Thus, let a, /3, 7 and 5 & A 
be fixed, and let T G Af„^x«„(C) ® Af^^^xm^^ <^ Mn^xn^iC)- 



14 BRANIMIR CAC16 

First, write T — Xli=i Ai®Bi for Ai G xn„ (C) and for linearly independent 
Bi G Mra'^^^mcp ® M„,x„^{C). Then, for a e A, 

k 

(A^(a) (g) U;^^ ® 1„JT - T(A„(a) ® (g) = ^(A^(a)Ai - AiA„(a)) (g) B^, 

i=l 

SO that by linear independence of the Bi , T is left ^-linear if and only if each Ai 
intertwines the irreducible representations a and 7, and hence, by Schur's lemma, 
if and only if a = 7 and each Ai is a constant multiple of or each Ai = 0. Thus, 

C^iC'" (g> C™"" (g) (g C"^^ (g C"^) 

^ fl„„ ®M„;^^xr»„3(C)®M„,xn^(C) if a = 7, 

1(0} otherwise. 
Analogously, one can show that 
£5(C"" <g) C™"" (g) €"",0"^ (g) C™7.5 (g) c"'') 

^ f xn. (C) «) M„-^^ (C) g) if /3 = <5, 
1(0} otherwise, 
and then these first two results together imply that 

£LR(c»" C™-'3 (g) €"^3, C"-^ (g) C™7« (g) C"«) 

^ ri„„ ®M^^^xm.^(C)® if (a, (3) = (7,5), 
1 {0} otherwise, 
as was claimed. □ 

An immediate consequence is the following description of the group U^^(W): 
Corollary 3.5. Let H be an A-bimodule. Then 

comp(U^^(W)) = ln„^V{mafs)^ln,= n U(m„;3), 

with the convention that U(0) = {0} is the trivial group. 

3.2. Even bimodules. We now turn to the study of even bimodules; let us 
begin by considering the decomposition of an even bimodule into its even and odd 
sub-bimodulcs. 

Let {H, 7) be an even ^-bimodule. Define mutually orthogonal projections 
P*^™"" and P°^<i by 

We can then define sub-bimodules and H"'^'^ of Ti by H*'™" = P^™'^H, 

^odd ^ podd^. oj^g ij^g tij^t ^ -^even ^ ^odd ^j^g jg^^gj bimodulcS. 

On the other hand, given ^-bimodules Tii and Ti.2, we can construct an even 
Abimodule (H,-/) such that = Wi and = H2 by setting H = Hi ©W2 

and 7 = © (-Iw^)- ^ "^i and W2 are already W*^™" and H°<i^ for some {H, 7), 
then this procedure precisely reconstructs (?Y,7). Since this procedure manifestly 
respects direct summation and unitary equivalence at either end, we have therefore 
proved the following: 
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Proposition 3.6. Let A be a real C* -algebra. The map 

C : Bimod°™"(yt) ^ Bimod(y^) x Bimod(^) 

given by 

can]) 

is an isomorphism of monoids. 

One readily obtains a similar decomposition at the level of unitary groups: 
Corollary 3.7. Let (^,7) be an even A-bimodule. Then 

Another immediate consequence is the following analogue of Proposition 13. II 

Proposition 3.8. Let A be a real C* -algebra. The map 

bimod'=^'=" : Afs(Z>o) x MsiZ>a) Bimod°™"(yl) 

defined by bimod^^'^'^ := o (bimod x bimod) is an isomorphism of monoids. 

Just as in the odd case, we will find it convenient to denote (bimod°™")^^ : 
Bimod'''''"(^) ^ MsiZ>o) x Ms(Z>o) by mult''™". It then follows that mult'™" = 
(mult X mult) o C. 

Definition 3.9. Let (W,7) be an even ^-bimodulc. Then the multiplicity matrices 
of {H, 7) are the pair of matrices 

(mult [H"™"], mult = mur™"[(7^, 7)] G Ms{Z>o) x MsiZ>o). 

Let us now consider orientability of even bimodules. 

Lemma 3.10 (Krajewski [I8l §3.4]). Let (7i,7) be an even A-bimodule. Then 
{n,-f) IS orientable only i/ /:LR(7^cven^ ^odd) ^ ^q}. 

Proof. Suppose that (H, 7) is orientable, so that 7 = X]i=i ^{(^i)p{bi) for some 
ai, . . . , flfc, &i, . . . , 6fc e yl. Now, let T e /I^^. (-^ovon ^ n°'^<^), and define f e C^^{H) 

by 

'0 T* 
.T 



T : 



Then, on the one hand, since 7 = f-^cvcn © (— f-^odd), T anticommutes with 7, and 
on the other, since 7 — X]i=i ^{0'i)p{bi), T commutes with 7, so that T — 0. Hence, 
T = 0. □ 

This last result motivates the following weaker notion of orientability: 

Definition 3.11. An even ^-bimodule {Ti, 7) shall be called quasi- orientable when- 
ever £^i^(7i;°™",7t:°^'*) = {0}. 



The subset of Bimod°™"(yi) consisting of the unitary equivalence classes of the 
3i-orientable even ^-bimodules will be denoted by Bimod°™"(^). 
We define the support of a real p y. q matrix A to be the set 

supp(^) := e {1, . . . ,p} X {1, . . . , g} 1 A,j ^ 0}. 
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For A E AIs{M.), we shall view supp(v4) as a subset of by means of the iden- 
tification of {1, . . . , S*} with A as ordered sets. We shall also find it convenient to 
associate to each matrix m G a matrix fh G Mn{^) by 

(3.5) m,y := ^ ^ niap- 

a e A/^lTOKi ) /3 e mTTJIkj ) 

One can check the map Ms{1) — > Afjv(Z) defined by to i-^ to is linear and respects 
transposes. 

We can now offer the following characterisation of quasi-orientable bimodules: 

Proposition 3.12 (Krajewski [TSl §3.3], Paschke-Sitarz [501 Lemma 3]). Let A he 
a real C* -algebra. Then 

(3.6) mult'=™"(Bimod;™"(^)) 

= {(to'=™",to°^'*) e Ms{1>Qf I supp(to°™") n supp(TO°<^'i) = 0}. 

Proof. Let {H,"f) be an even Abimodule and let (to°™",to°'^^) be its multi- 
plicity matrices. Then by Proposition [2131 

£^«(H'=™",W°^'^)= M„oaa,„o™„(C), 

whence the result follows immediately. □ 

We therefore define the signed multiplicity matrix of a quasi-orientable even A- 
bimodule (Ti.,"f), or rather, the unitary equivalence class thereof, to be the matrix 

mu\tg[{H,-f)] := mult[7^'=™"] - mult[7^°'*'^] e Ms{^). 

The map Bimod^''™(y^) ^ Ms{Z) defined by 

is then bijective, and mult''™"[(7i, 7)] is readily recovered from mult(j[(7i, 7)]. In- 
deed, if (7i, 7) is a quasi-orientable even ^-bimodule with signed multiplicity matrix 
^, then (cf. [101 Lemma 3],[IH1 3.3]) 

(3-7) 7=0 Ma/3lw„^- 

a,f3eA 

These algebraic consequences of quasi-orientability, which were derived from the 
stronger condition of orientability in the original papers [5D] and [TH], are key to 
the formalism developed by Krajewski and Paschke-Sitarz, and hence to the later 
work by lochum, Jureit, Schiicker, and Stephan JJHHllll]- 

We can now characterise orientable bimodules amongst quasi-orientable bimod- 
ules: 

Proposition 3.13 (Krajewski [18l §3.3]). Let ("^,7) be a quasi-orientable A- 
bimodule with signed multiplicity matrix fj,. Then (Ti.,j) is orientable if and only if 
the following conditions all hold: 

(1) For each i £ {1, . . . , N} such that = C and all (3 E A, 
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(2) For all a ^ A and each j G {1, . . . , N} such that Kj = C, 

Man j t^aHj ^ , 

(3) For all i, j e{l,..., N} such that Kj = Kj = C, 
In particular, if {H, 7) is orientable, then 

N 

(3.8) 7 = ^ A(sgn(/2y)ei)p(ej). 

Proof. First, suppose that {H,"f) is indeed orientable, so that there exist 
ai, . . . , a„, bi, . . . ,bn G A such that 7 = J27=i •^(^Op(^Oi particular, then, for 
each a, P € A, 

n 
1=1 

Now, let i e {1, . . . , N} be such that Ki = C, and let (i & A, and suppose that 
and /Unj/3 are both non-zero. It then follows that 

n n 

Sgn(Mni/3)lni®ln3 = ^{ai)i^>^l3{blf , Sgn(Mn«/3)ln« O Ing = ^ (ciOi ® '^/sC^O'^i 
(=1 1=1 

where (a/)i denotes the component of a; in the direct summand Mk^iC) of If X 
denotes complex conjugation on C"' , it then follows from this that 

Sgn(Mni/3)lni'8)ln^ = (-'^® ) (sgn(Mni/3)lni ® lna)(^«) In^) = Sgn(/XHi/3)ln« ® In^ , 

so that sgn(/ini/3) = sgn{ji-^.fj), or cquivalently fJ.mfilJ'nii) > 0. One can similarly 
show that the other two conditions hold. 

Now, suppose instead that the three conditions on fi hold. Then for all i, 
j G {1, • • • all non-zero entries fiap for a G A'/fe;(Kj), f3 G A'/fe^(Kj), have the 

same sign, so set jij equal to this common value of non-zero sgn(/XQ,/3) if at least 
one such ^0/3 is non-zero, and set 7,^ = otherwise. One can then easily check that 
7 = Klij^i)p{^j)f SO that (H,7) is indeed orientable. Moreover, using the 

same three conditions, one can readily check that jij = sgn(/Zjj), which yields the 
last part of the claim. □ 

Let us now turn to intersection forms and Poincare duality. In particular, 
we are now able to provide explicit expressions for intersection forms in terms of 
multiplicity matrices. 

Recall that for K = M, C or H, KOo{Mk{K)) is the infinite cyclic group gen- 
erated by \p] for p G M/j(K) a minimal projection, so that for A a real C*-algebra 
with Wedderburn decomposition (Kj), 

N 

KOo{A) ^l[KOo{Mn,{Ki)) = , 

i=l 
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which can be viewed as the infinite abelian group generated by f^or pi a 

minimal projection in Af„. (Ki). Since 



T, := tr {pi 

it follows that for a ^ A, 

(3.9) tr(A„(p.)) = 



2 if K, = H, 
1 otherwise, 



otherwise. 



Now, if (W, 7) is an even ^-bimodule with intersection form (•, •), we can define 
a matrix n G by 

(3.10) n,, 

The intersection form (•, •) is completely determined by the matrix n, and in par- 
ticular, (•,•) is non-degenerate {i.e. {Ti.,j) satisfies Poincare duality) if and only if 
n is non-degenerate. 

Proposition 3.14 (Krajewski [H §3.3], Paschke-Sitarz [20l §2.4]). Let (W, 7) be 

an even A-himodule with pair of multiplicity matrices (m®™'^, to°'*'^). Then 

(3.11) Hy = TiTj {mF^\j - m°dd 

so that {Ti., 7) satisfies Poincare duality if and only if the matrix to''™" — to°'^'^ is 
non-degenerate. 

Proof. First, since H = W™" H"'^'^, we can write 

a,l3eA 

where jafs = Im-™" © (-l„odd). Then, 

= {[Pi], [Pj]) 

= tr(7A(pOp(pj)) 

= tr ^ Xa{Pt) 7a/3 ® A/5(Pj) 

= ^ tr(A„(pO)tr(A^(p,))«r-<'/) 

N ^ ^ 



dd 



This calculation implies, in particular, that H can be obtained from to''™" — m 
by a finite sequence of elementary row or column operations, so that n is indeed 

non-degenerate if and only if to°™" — m°'^'^ is. □ 

Corollary 3.15. Let (7i,7) be a quasi- orientable A-bimodule with signed multi- 
plicity matrix pL. Then (7i,7) satisfies Poincare duality if and only if pL is non- 
degenerate. 
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In particular, if we restrict ourselves to complex C*-algebras and complex- 
linear representations, a quasi-orientable bimodulc is completely characterised by 
the iiT-theoretic datum of its intersection form. 

3.3. Real bimodules of odd A'O-dimension. Let us now consider real bi- 
modules of odd i^O-dimension. Before continuing, recall that 

Bimod(^, 1) = Bimod(^, 7), Bimod(^, 3) = Bimod(^, 5). 

For m G Sym5(Z>o), we define an antilinear operator Xm on Tim by defining 

(3.12) 

and by setting {Xm)a^p — whenever (7, 6) ^ {13, a). 

3.3.1. KO-dimension 1 or 7 mod 8. We begin by determining the form of the 
multiplicity matrix for a real bimodule of ii'O-dimension 1 or 7 mod 8. 

Lemma 3.16 (Krajewski 'IF, §3.2], Paschke-Sitarz [211, Lemma 4]). Let {n,J) be 
a real A-bimodule of KO-dimension 1 or 7 mod 8 with multiplicity matrix m. Then 
m is symmetric, and the only non-zero components of J are of the form J^^ for a, 

(3 & A, which are anti-unitaries Tiap — * "Hpa satisfing the relations Jp^ — {J^'pY ■ 

Proof. Let the projections , and Pap be defined as in the proof of 
Proposition 13. li and recall that Pap = P^P^. By Equation 12. 4i it follows that 

for aU a e A,JPi =PaJ and JP^ = P^J^ and hence that for all a, [3 & A, 
JPai3 — JP^Pp = PaPpJ — P/iaJ- Thus, the Only non-zero components of J 
are the anti-unitaries jf^ : Hap — > H/Jq which satisfy J^^ = {J^'pY'i ttiis, in turn, 
implies that m is indeed symmetric. □ 

Next, we show that for every m G Sym5.(Z>o), not only does 7i„i admit a 
real structure of iiTO-dimension 1 or 7 mod 8, but it is also unique up to unitary 
equivalence. 

Lemma 3.17 (Krajewski [T51 §3.2], Paschke-Sitarz [20, Lemma 5]). Let m £ 
Sym5(Z>o). Then, up to unitary equivalence, J,,,, := X.„i is the unique real structure 
on Tim of KO-dimension 1 or 7 mod 8. 

Proof. First, Xm is indeed by construction a real structure on TLm of KO- 
dimension 1 or 7 mod 8. 

Now, let J be another real structure on 7i,„ of i^TO-dimension 1 or 7 mod 8. 
Define a unitary K onTLhy K — JX^; thus, J ~ KX^. Since the intertwining 
condition of Equation 12.41 applies to both J and Xm, we have, in fact, that K S 
Ujf-(H™), and hence 

= ln„ ® Kal3 ® 1„3, 

for Kap G U(mct^). In particular, since K* — X„iJ — XmKX„i, we have that 
Kp. = Kip. 

Let {a, (3) G supp(rn), and suppose that a < (3. Let Kap = VapKajsV*^ 
be a unitary diagonalisation of Kap, and let Lap be a diagonal square root of 
Kap- ThenKap = VafjLapLapV*^ = {VapLap){VapLapY , and hence Kpa = 
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{yai3Lap){Vai3LapY' ■ If, instead, a — then Kaa is unitary and complex sym- 
metric, so that there exists a unitary W^a such that K^a — WaaW]^^. We can now 
define a unitary U G \]^{Ttm) by 

where C/q/j = if TOq/3 = 0, and for {a, (3) € supp(m), 

{VapLap, if a < /3, 
VpaLf3a, ifa>/3, 
Waa, ifa = /3. 

Then, by construction, K — UXmU* Xm, and hence, J = UX„iU*, so that [/ is 
the required unitary equivalence between {Hm, X„i) and (Tim, >/)• D 

We can now give our characterisation of real bimodules of iiTO-dimension 1 or 
7 mod 8: 

Proposition 3.18 (Krajewski [181 §3-2]). Let n — \ or 7 mod 8. Then the map 
in : Bimod(^, n) Bimod(^) defined by t„ : [{TC, J)] ^-^ [H] is injective, and 

(3.13) (multot„)(Bimod(yl,n)) = Sym5(Z>o). 

Proof. First, since a unitary equivalence of real ^-bimodules of _ft'0-dimen- 
sion n mod 8 is, in particular, a unitary equivalence of odd ^-bimodules, the map 
Ln is well defined. 

Next, let {H, J) and {H',J') be real ^-bimodules of iiTO-dimension n mod 
8, and suppose that H and H' are unitarily equivalent as bimodules; let U £ 
\j]^{n\n). Now, if m is the multiplicity matrix of Ti, then Ti and Tim are unitarily 
equivalent, so let V G Ujf (H,Hm). Then VJV* and VUJ'U*V* are both real 
structures of ii'O-dimension n mod 8, so by Lemma 13.171 they are both unitarily 
equivalent to Jm- This implies that J and UJ'U* are unitarily equivalent as real 
structures on 7i, and hence that (7i, J) and (Ti' , J') are unitarily equivalent. Thus, 
Ln is injective. 

Finally, Lemma f3 . 1 61 implies that (mult ot„)(Bimod(^, n)) C Sym5(Z>o), while 
Lemma 13.171 implies the reverse inclusion. □ 

Thus, without any loss of generality, a real bimodule 7i of ii'O-dimension 1 or 
7 mod 8 with multiplicity matrix m can be assumed to be simply (Tim, Jm)- 

One following characterisation of V^ {H, J) now follows by direct calculation: 

Proposition 3.19. Let {Ti, J) be a real A-bimodule of KO -dimension lor? mod 8 
with multiplicity matrix m. Then 

(3.14) 

comp(U^«(Ti, J)) = {(1„„ ® Uc^p ® ln^)a,/3e^ e comp(U^=^(Ti)) | Up^ = C/^^} 



W ( 0{maa) X \Y U(mQ/3) 



f3>a 
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3.3.2. KO-dimension 3 or 5 mod 8. Let us now turn to real bimodules of KO- 
dimension 3 or 5 mod 8. We begin with the relevant analogue of Lemma [3. 161 

Lemma 3.20. Let [H,, J) he a real A-bimodule of KO-dimension 3 or 5 mod 8 
with multiplicity matrix m. Then m is symmetric with even diagonal entries, and 
the only non-zero components of J are of the form J^^ for a, P G A, which are 
anti-unitaries TLap 'Hfia satisfying the relations J^^ = —{Jap)* ■ 

Proof. The proof follows just as for Lemma [3.161 except that the equation 
= — 1 forces the relations Jp^ — ~{Ja$)*: which imply, in particular, that for 
each a & A, (J"")^ = —1, so that niaa must be even. □ 

Let us denote by Symg(Z>o) the set of all matrices in Sym5(Z>o) with even 
diagonal entries. For n = 2k, let 

'0 -Ifc 
,lfc 

Lemma 3.21. Let m £ Sym^(Z>o). Defi ne an antiunitary Jm on Tim by 

{{^mY^p if {l, S) = {13, a) and a < (3, 

-(^™)f/3 ^/ (7, S) = {13, a) and a> (3, 

^m^JX^)^^ tfa = /3^^^S, 
otherwise. 

Then, up to unitary equivalence, Jm is the unique real structure on TL^ of L'CO- 
dimension 3 or 5 mod 8. 

Proof. The proof follows that of Lemma[3TT71 except we now have that ifJo, — 
ilm^^Kaa^m^^ instead of K^a = Kaa', each Kaa^maa is therefore unitary and 
complex skew-symmetric, so that we choose Waa unitary such that 

or equivalently, Kaa = Waa^m^^Waa^m^^- Oiis can then construct the unitary 
equivalence U between {Hm, J) and {H, Jm) as before. □ 

Much as in the analogous case of ii'O-dimension 1 or 7 mod 8, Lemmas 13.201 
and 13.211 together imply the following characterisation of real bimodules of KO- 
dimension 3 or 5 mod 8: 

Proposition 3.22. Let n = 3 or 5 mod 8. Then the map i„ : Bimod(^, n) 
Bimod(.4) defined by in ■ [{Tt, J)] ^ [TL] is injective, and 

(3.15) (muhoi„)(Bimod(An)) = Sym;^(Z>o). 

Finally, these results immediately imply the following description of\J^{7i, J): 

Proposition 3.23. Let {Ti, J) be a real A-bimodule of KO-dimension 3 or 5 mod 8 
with multiplicity matrix m. Then 

(3.16) 

comp(U^R(7^, J)) = {(1„^ ® Ua0 ln,)a,peA e comp(U^R(7^)) | 



II (^Sp(m«„) X Yl U(r 

I3>a 



lap, 
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3.4. Real bimodules of even XO-dimension. Wc now come to the case of 
even i^TO-dimension. Before continuing, note that for (7i,7, J) a real bimodule of 
even iiTO-diniension, 

yp,qeKOo{A), {q,p)^e"{p,q), 
as a direct result of the relation J7 = s"^J; this is then equivalent to the condition 

(3.17) n = e"ff, 

where n is the matrix of the intersection form. Thus, for /^O-dimension or 
4 mod 8, the intersection form is symmetric, whilst for ifO-dimension 2 or 6 mod 8, 
it is anti-symmetric. It then follows, in particular, that a real ^-bimodule of KO- 
dimension 2 or 6 mod 8 satisfies Poincare duality only if A has an even number 
of direct summands in its Wedderburn decomposition, as an anti-symmetric k x k 
matrix for k odd is necessarily degenerate. 

3.4.1. KO-dimension or A mod 8. We begin with the case where e" — 1 and 
hence [7, J] = 0, i.e. of iiTO-dimension or 4 mod 8. 

Let {H,'j,J) be a real ^-bimodule of iiTO-dimension n mod 8, for n = or 
4; let the mutually orthogonal projections p®™" and p°'^'^ on Ti, be defined as 
before. Then, since [J, 7] = 0, we have that J ^ J°™" ® J°'^'^, where J"""'^ = 
povonjpoven jodd ^ poddjpodd^ Qnc Can then check that {W"'^ , J""""^) and 
j--^odd jodd-j ^-bimodules of XO-dimension 1 or 7 mod 8 if n = 0, and 

3 or 5 mod 8 if n 4. On the other hand, given 7"=™") and {H°'^'^, J"'^^), 

one can immediately reconstruct (7i,7, J) by setting 7 — 1-^ovon © (— 1-^odd) and 
J = J°™" J°'^'^. Thus we have proved the following analogue of Proposition 13.61 
Proposition 3.24. Let A be a real C* -algebra. Let ko denote 1 or 7 mod 8, and 
let ki denote 3 or 5 mod 8. Then for n — 0,A mod 8, the map 

Cn ■ Bimod(y^, n) Bimod(y^, fc„) x Bimod(^, fc„) 

given by C„([(H, 7, J)]) := 7"=™")], J°^'^)]) is an isomorphism of 

monoids. 

One can then apply this decomposition to the group Uj^^(7i,7, J) to find: 

Corollary 3.25. Let (7i, 7, J) be a real A-bimodule of KO-dimension or A mod 8. 
Then 

(3.18) Ujf (H,7, J) = Ujf (H'^™", J'^™") e \J^{H°'^'^, J°^'*). 

Combining Proposition l3.24l with our earlier characterisations of real bimodules 
of odd A'O-dimension, we immediately obtain the following: 

Proposition 3.26. Let n = or 4 mod 8. Then the map in : Bimod(^, n) — > 
Bimod°™"(.4) defined by [(7i,7, J)] 1— > ([(^,7)]) is injective, and 

Sym5(Z>o) X Sym5(Z>o) if n ^ mod 8, 
Sym^(Z>o) X Sym^(Z>o) z/n = 4 mod 8. 



(mult'=™"ot„)(Bimod(^,n)) = 
In particular. 



Bimod,(^,n) := L-^Bimod'g'''"' (A)) 
is thus the set of all equivalence classes of quasi-orientable real ^-bimodules of 
iiTO-dimension n mod 8; the last Proposition then implies the following: 

Corollary 3.27. Let n = or A mod 8. Then 

(3.19) (multg o;,„)(Bimodq(^, n)) ^ Sym5(Z). 
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J = 



3.4.2. KO-dimension 2 or 6 mod 8. Finally, let us consider the remaining case 
where e" = —1 and hence {7, J} — 0, i.e. of XO-dimensions 2 and 6 mod 8. 

Let (7i,7, J) be a real ^-bimodule of i^TO-dimension n mod 8 for n = 2 or 6. 
Since {J, 7}, we have that 

'0 eJ* 
J 

where J := p°dd jpcvcn antiunitary H''™" -> so that for a e A, 

A°^'i (a) = Jp°™" (a* ) J* , (a) JA°™" (a* ) J* . 

It then follows, in particular, that mult[H°'''^] = mult[H'=™"]'^. 

Now, let J' be another real structure on (Ti, 7) of ii'O-dimension n mod 8, and 
let J' = poddj/pcvon^ ogg^g ^ g u^R^-^^^) by iv: = l«cvc„ ® (J' J*). Then, by 
construction, J' = KJK* , i. e. A" is a unitary equivalence of real structures between 
J and J'. Thus, real structures of iiTO-dimension 2 or 6 mod 8 are unique. As a 
result, we have proved the following analogue of Proposition [27171 
Proposition 3.28. Let A he a real C* -algebra, and let n = 2 or 6 mod 8. Then 
the map 

Cn ■ Bimod(^, n) Bimod(^) 
given by C„([(7Y, 7, J)]) := ([W™"]) is an isomorphism of monoids. 

Again, as an immediate consequence, we obtain the following characterisation 
ofU^^(H,7,^): 

Corollary 3.29. Let {Ti, 7, J) be a real A-bimodule of KO-dimension 2 or 6 mod 8. 

Then 

(3.20) 

U^f (7^,7, J) = {C/°™" © C/"'^^ e U^^(7^°™") © \J^in°'^'^) I U°'^'^ ^ JC/'=™V*} 

Finally, one can combine Proposition 13.281 with our observation concerning 
the uniqueness up to unitary equivalence of real structures of ii'O-dimensioii 2 or 
6 mod 8 and earlier results on multiplicity matrices to obtain the following charac- 
terisation: 

Proposition 3.30. Let n = 2 or 6 mod 8. Then the map t„ : Bimod(^, n) — > 
Bimod°™"(^) defined by [(7Y,7, J)] 1-^ (['^,7]) *s injective, and 

(3.21) 

(mult'=™"ot„)(Bimod(^,n)) = {(m'=™", m°'^^) G Ms{Z>of \ m°<^'^ = (m<=™")^} 

= Ms(Z>o). 

Once more, it follows that 

Bimod5(^,n) := i-i(Bimod7'"(^)), 

is the set of all equivalence classes of quasi-orientable real ^-bimodules of KO- 
dimension n mod 8, for which we can again obtain a characterisation in terms of 
signed multiplicity matrices: 

Corollary 3.31. Let n ~ 2 or Q mod 8. Then 

(3.22) (mult, oLn){Bimodq{A,n)) = {m e Ms{Z) \ = -to}. 
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3.4.3. S'^ -real bimodules of even KO -dimension. Let us now characterise quasi- 
orientability, orientability and Poincare duality for an even /sTO-dimensional S'"- 
real .4-bimodule {H, 7, J, e) by means of suitable conditions on (Hj, 7,) expressible 
entirely in terms of the pair of multiplicity matrices of {Hi, ji) 

We begin by considering quasi-orientability: 

Proposition 3.32. Let {H, 7, J, e) be an S^-real A-hiw.odule of even KO-dimension 
n mod 8. Then (H, 7) is quasi- orientable if and only if is quasi- orientable 

and 

('supp(mf ™) n supp((m°<^'i)^) =0 ifn = 0,4, 

|supp(mf ™) n supp((mf = supp(m9<i^) n supp{{mf'^)'^) =0 ifn = 2,6, 

for (m?™",m°'^^) the multiplicity matrices of {'Hi,'yi), in which case, if ^ and in = 
mf™"— m"^*^ are the signed multiplicity matrices of{H,^) and (Wi,7i), respectively, 

then 



T 



(3.23) M = M» + e'V' 

Proof. First, let (m^™",m°'i^) and (m|™",m°'*^) denote the pairs of multi- 
picity matrices of (W,7) and (Wi,7i), respectively. It then follows that 



^" + (rof ^")^ if n = 0, 4, 

^mr^" + {mf'^)'^ if n = 2, 6; 

' mf'^ -h {mf'^)'^ ifn = 0, 4 

mf'^ + {m^'""^)'^ if n = 2, 6 



Thus supp(m<^^^'^) = supp(mf U S^^'^'^, supp(m°'^<i) = supp(m^'^<i) U S"'^'^, 
where 

^ ('supp((mr"r) ifn = 0,4, ^ U^^PPiir^ff) if « = 0, 4, 

|supp((m°'i^)^) if n = 2, 6; [supp((mf ™)^) if n = 2, 6. 

Then, 

supp(m'=™") nsupp(m°'i^) = (supp(mr™) nsupp(m°^'i)) U (S'^™" nsupp(m°'i^)) 

U (supp(mr™) n 5°^'*) U (S''^'"^ n 5°'^^), 
so that (^,7) is quasi-orientable if and only if {Hi,ji) is quasi-orientable and 
(S"'^^" n supp(m°'^<i)) U (supp(mr'''^) n S°'^^) = 0, 

as required. 

Finally, if ^ = m*^"^"" — m°'^'^ and /i^ = m^'^°" — m°'^^ are the signed multiplicity 
matrices of (^,7) and (Hi,7i), respectively, then the relations amongst m°™", 
m"^*^, m^^'^'^, and m"^*^ given at the beginning immediately yield the equation 
11 = IJ.i-\- s"iJ,f. □ 

Let us now turn to orientability: 

Proposition 3.33. Let (Ti, 7, J, e) be a quasi-orientable S'^-real A-bim,od,ule of even 
KO-dimension n mod 8. Then (^,7) is orientable if and only if (7ii,7i) is ori- 
entable and, if n = 2 or 6 mod 8, for all j G {!,..., A''} such that Kj = C, 

(3.24) (MOn^n,- = (Mi)njn,-, 
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where fii is the signed multiplicity matrix of {Ti.i,"fi). 



Proof. Let fi be the signed multiplicity matrix of (7^,7). Propositions 12.191 
and 13.131 together imply that {TC, 7, J, e) is orientable if and only if 

N N 

7i = X! ^ti^S"^(fiki)ek)Pi{ei) ^ e" ^ Xi{ei)pi{sgn{Jiki)ek), 

kJ=l k,l=l 

and by considering individual components (7i)Q/3, one can easily check that this in 
turn holds if and only if (Hi, 7^) is orientable and for all fc G {1, . . . , N}, 

sgn(/ifcfc) = e" sgnipkk)- 

This last condition is trivial when e" — 1, i.e. when n = or 4 mod 8, so let 
us suppose instead that n = 2 or 6 mod 8, so that e" = —1. If {H, 7) is orientable, 
then, by the above discussion, is orientable and the diagonal entries of /I 

vanish, which in turn implies by Proposition 13.131 that for each / e {1, . . . , N} and 

all a, /? G Mfe, (K;), iiap ~ 0. By antisymmetry of /i, this is equivalent to having, 
for alH G {1, . . . , iV} such that K; = C, [i-acni = 0, or equivalently, 

where [ii is the signed multiplicity matrix of (Ti^, 7^). On the other hand, if (Ti;, 7^) 
is orientable and this condition on /i; holds, then [i certainly satisfies the above 
condition, so that (7i, 7) is indeed orientable. □ 

Finally, let us consider Poincare duality. 

Proposition 3.34. Let {Ti., 7, J, e) be an S'^ -real A-bimodule of even KO-dimension 
n mod 8, let (m°™", m°'^'^) denote the multiplicity matrices of (Ti.ij'fi), and let D 
denote the matrix of the intersection form of{H,'j). Finally, let fii = mf"^'^ — m°'^'^. 
Then 

(3.25) rifc; = TfeT;(/Ii + e"fli^)kU 

so that {Ti,j) satisfies Poincare duality if and only if fii + e" fii^ is non-degenerate. 

Proof. By Proposition 12.201 n = Hi + £"nf for the matrix of the inter- 
section form of {Tli,ji), which, together with Proposition 13.141 yields the desired 
result. □ 

3.5. Bimodules in the Chamseddine Connes Marcolli model. To il- 
lustrate the structure theory outlined thus far, let us apply it to the construction 
of the finite spectral triple of the NCG Standard Model given by Chamseddine, 
Connes and Marcolh [4, §§2.1, 2.2, 2.4] (cf. also [H §1.13]). 

Let Alr. = C©E[L©Hi^©M3(C), where the labels L and R serve to distinguish 
the two copies of TC; we can therefore write Alr = {1, 1, 2^, 2^^, 3, 3} without 
ambiguity. Now, let {Mf,7f, Jp) be the orientable real ylii^-bimodule of /CO- 
dimension 6 mod 8 with signed multiplicity matrix 

/ -1 1 0\ 



1 1 

^^-1 -1 

0-1100 

\ oy 
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This bimodule is, in fact, an S^-real bimodulc for ep = A(— 1, 1, 1, —1); £ = {MF)i 
is then the orientable even ^L_R-bimodule with signed multiphcity matrix 



Note, however, that neither Ai f nor £ satisfies Poincare duaUty, as 



are both clearly degenerate; the intersection forms of A^^^ and £ are given by the 
matrices H = 2fl and r\£ = 2Ji£, respectively. 

In order to introduce N generations of fermions and anti-fermions, one now 
considers the real .A-bimodule Hp ■= (A4f)®^; by abuse of notation, -fp, Jp and 
e p now also denote the relevant structure operators on Tip. In terms of multiplicity 
matrices and intersection forms, the sole difference from our discussion of A^i? is 
that all matrices are now multiplied by N. 

Now, let Ap — C(BH(B M^IC), which we consider as a subalgebra of Alr by 
means of the embedding 



/o 


-1 1 
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-1 1 


0^ 
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0/ 



((,(?, m) ^ (C,q 



A 

just as we could for Alr, we can write Ap = {1,1, 2, 3, 3} without ambiguity. We 
can therefore view Tip as a real ^j^-bimodule of iiTO-dimension 6 mod 8, whose 



pair of multiplicity matrices (m°™ 

/I 1 



= AT 1 1 

1 





_odd^ 








is then given by 
/I 



odd 



= N 








1 1 1 

\0 0/ \0 0/ 

the essential observation is that the irreducible representation 2pi of Alr corre- 
sponds to the representation 1 © 1 of Ap, whilst 2^, 3 and 3 correspond to 2, 3 
and 3, respectively. 

Note that Hp now fails even to be quasi-orientable let alone orientable, with 
the sub-bimodule {Ti.p)ii providing the obstruction, and even if we were to restore 
quasi-orientability by setting (Wf)ii = 0, (Hf)it ^^^'^ {^f)xi would still present 
an obstruction to orientability by Proposition 13.131 Note also that Tip must nec- 
essarily fail to satisfy Poincare duality, as the matrix of its intersection form is 
a 3 X 3 anti-symmetric matrix, and thus a priori degenerate. Let us nonetheless 
compute n^: 

^0 -1 -2> 



m 



m 



odd 



N 












1 




■ 





; 


r 
















1 





1 

2 -1 



FINITE SPECTRAL TRIPLES 



27 



/-I 








-1 




-1 








-1 





1 








1 




















Vo 











0/ 



and hence, by Proposition [SHH 

/O -1 -1^ 
nF = 2iV 1 1 
\1 -1 

Finally, let us consider the S^-real structure on Tip the ^j^-bimodule, inherited 
from Tip as an ^i/j-biniodule; we now denote {7iF)i by Tif. One still has that 
Hf = , which is still orientable and thus specified by the signed multiplicity 
matrix 



the intersection form is then given by the matrix 

/-I -V 
n/ = 2iV 1 
\ 

so that Hf fails to satisfy Poincare duality as an ^i?-bimodule. 

4. Dirac Operators and their Structure 

4.1. The order one condition. We now examine the structure of Dirac 
operators in detail. We will find it useful to begin with the study of operators 
between ^-bimodules (for fixed A) satisfying a further generalisation of the order 
one condition. Thus, let ^ be a fixed real C*-algebra, and let Hi and H2 be fixed 
^-bimodules with multiplicity matrices mi and m2, respectively. 

Definition 4.1. We shall say that a map T G C{'Hi,H2) satisfies the generalised 
order one condition if 

(4.1) Va, b e A, {X2{a)T - rAi(a))pi(6) = p2(6)(A2(a)r - TXi{a)). 

Note that if Hi — H2 , then the generalised order one condition reduces to the 
usual order one condition on Dirac operators. 

It is easy to check that the generalised order one condition is, in fact, equivalent 
to the following alternative condition: 

(4.2) Wa,beA, {p2{a)T-Tpi{a))\i{b)^\2mp2{a)T-Tpi{a)). 

Thus, the following are equivalent for T e C{Hi,H2)'- 

(1) T satisfies the generalised order one condition; 

(2) For aU a € A, A2 (a)T - TAi(a) is right Ahnear; 

(3) For aU a e A, P2{a)T - Tpi{a) is left Alinear. 

Now, since the unitary group U(,4) of ^ is a compact Lie group, let p, be the 
normalised bi- invariant Haar measure on \]{A). 

Lemma 4.2. Let Hi and H2 be A-bimodules. Define operators E\ and Ep on 

C\{Hi,H2) by 

(4.3) 

Ex{T) := / dp{u)\2{u)T\i{u-^), Ep{T) / dp{u) p2{u-^)T pi{u) . 

J\J{A) J\J(A) 
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Then E\ and Ep are commuting idempotents such that 

im{Ex) ^ C\{ni,H2), im(Sp) = £5(^1,^2), 

and 

keiiEx) = im{id-Ex) C £5(7^1,^2), keiiEp) = im(id-£;p) C C\{rLi,n2), 
while 

im{ExEp) = C]^{Hi,n2). 

Proof. First, the fact that E\ and Ep are idempotents foUows immediately 
from the Fubini-ToneUi theorem together with translation invariance of the Haar 
measure /i, whilst commutation of E\ and Ep follows from the Fubini-ToneUi the- 
orem together with the commutation of left and right actions on Tii and on 7^2 • 
Moreover, by construction, E\ and Ep act as the identity on C^{Hi,'H2) and 
£5(^1; ^2), respectively, so that 

im(SA) 2 C\{Hi,H2), MEp) 2 £5(^1,^2). 

Now, let T G £^(7ii , 0.2) ■ Then, by translation invariance of the Haar measure, 
it follows that for any u G U(^), 

ExiT) =. X2{u)Ex{T)Xi{uy, Ep{T) - p2{u)Ep{T)p^{u)* , 

or equivalently, 

\2{u)Ex{T) = ExiT)Xi{u), P2{u)Ep{T) - Ep{T)p^{u). 

By the real analogue of the Russo-Dye theorem [IHl Lemma 2.15.16], the convex 
hull of U(^) is weakly dense in the unit ball of A, so that 

\2{a)Ex{T) = Ex{T)\i{a), p2{a)Ep{T) = Ep{T)pi{a) 

for aU aeA, i.e. Ex{T) G £^(7^1,^2) and Ep{T) G £5(7^l,H2). 
On the other hand, 

(id-£;A)(T)= / dM(u)(TAi(u)-A2(u)T)Ai(u-i), 
{id-Ep)(T)^ f dp{u){Tp,{u~') - p2{u-')T)pi{u), 

SO that by the generalised order one condition, {id ~E\){T) G £^(''^11 "^^2) and 
iid-Ep)iT)eC'x{ni,H2). 

Finally, the commutation of E\ and Ep together with our identification of 
im(£'A) and of im(£'p) imply the desired result about im{E\Ep). □ 

Now, since 

im(id-i;A) C im{Ep), im(id-£;p) C iin{Ex), 

one has that 

(id -Ex)Ep = id -Ex, (id -Ep)Ex - id -Ep, 

which implies in turn that id —Ep, ExEp and id —Ex are mutually orthogonal idem- 
potents such that 

(id -Ep) + ExEp + (id -Ex) = id . 
We have therefore proved the following: 
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Proposition 4.3 (Krajewski [HI §3.4]). Let C^{Hi,H2 f denote kei{Ex), and let 
£^(Hi,H2)° denote keT{Ep). Then 

(4.4) c\{'Hi,H2) = 7^2)° ® c'f {ni,n2) © 7^2)", 

where 

(4.5) £^4(^1,^2)°©^:^^ (Hi,W2) = /:!4(Wi,W2) 

and 

(4.6) c]^iHi,n2) (B c^ini,n2)° ^ c^ini,H2). 

Thus, elements of ^^^(Tii, "^2)° can be interpreted as the "purely" left ^-linear 
maps Hi — > H2, whilst elements of £^{'Hi,'H2)^ can be interpreted as the "purely" 
right ^-linear maps Hi ^ H2- 

One can readily check that the decomposition of Proposition 14.31 is respected 
by left multiplication by elements of C^{H2) and right multiplication by elements 
oiC^^iHi): 

Proposition 4.4. For any T e C\{Hi,H2), A e C^{Hi), B e C^^{H2), 
ExiAT) = AExiT), Ep{TB) = Ep{T)B. 

Now, if T e C{Hi,H2), it is easy to see that T satisfies the generalised order 
one condition if and only if each satisfies the generalised order one condition 
within L{{Hi)af3, (7^2)75); by abuse of notation, we will also denote by E\ and Ep 
the appropriate idempotents on each £((7^1)0,^, {H2)is)- It then follows that 

ExiTVjp = Ex{T2;), EpirrJ^ = Ep{T2;). 

Finally, let us turn to characterising ker(i?A) and ker(£'p); before proceeding, 
we first need a technical lemma: 

Lemma 4.5. Let G be a compact Lie group, and let /i be the bi-invariant Haar 
measure on G. Let (H,tt) and (7Y',7r') be finite- dimensional irreducible unitary 
matrix representations of G. Then for any T S C(H' , H), if tt ^ tt' then 

(4.7) / dfi{g)7T{g)T7T'{g-')^0, 

Jg 

and if n = tt', then for any unitary G-isomorphism U :H' ^ H, 

(4.8) ^ dM(ff)^(5)T7r'(5-i) = tv{TU*)U. 
Proof. Let 

f=[ dfi{g)7r{g)T7T'{g~'). 

JG 

which, by translation invariance of the Haar measure /i, is a G-invariant map. If 
TT ^ tt', then Schur's Lemma forces T to vanish. If instead tt = tt', let J7 : H ^ H' 
be a unitary G-isomorphism. Then by Schur's Lemma there exists some a G C 
such that T = aU; in fact, 

a = a— ^ tiiUU*) = — ^ tiifU*). 
diuiH ^ ^ dimH ^ ' 

One can then show that tr(T[/*) = ti-{TU*) by introducing an orthonormal basis 
of H and then calculating directly. □ 

We now arrive at the desired characterisation: 
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Proposition 4.6. If T e C\{ni,n2), then Ex(T) ^ if and only if for all a, 
(3 e supp(mi) n supp(m2), 

and if T E C^{Ti,i,Ti,2), then Ep{T) = if and only if for all a, (3 E supp(r7ii) fl 
supp(m2), 

Proof. Let T e £^{'Hi,H2)- Then, by Proposition [331 it suffices to consider 
components Tj^ for a, j E A, which take the form 

for Af2^eM„^x„JC)®M 

("12)^11 X (mi)^^ 

(C). 

Now fix a, /3, 7 G and write 

fc 

for Ai G Af„^xn„(C) and for Bi G M(„2)^,3x(mi)Q^(C) linearly independent, ft then 
follows by direct computation together with Lemma 14.51 that 

';rr (Etitr(A,)i„„ if a = 7, 

otherwise, 



so that by linear independence of the Bi, E\{T2^) vanishes if and only if either 
a ^ 7 or, a = /3 and each Ai is traceless, and hence, if and only a ^ 7 or, a = /3 
and M^^ G 5l{na) ® A^(m2)^,3x(mi)„^(C), as required. 

Mutatis mutandis, this argument also establishes the desired characterisation 
ofker(£;p). □ 

4.2. Odd bilateral spectral triples. Let us now take Hi = Ti,2 = Ti.. By 
construction of E\ and Ep, the following conditions are readily seen to be equivalent 

for T G c\iny. 

(1) T is self-adjoint; 

(2) Ex{T) and (id-£;A)(T) are self-adjoint; 

(3) iid-Ep)(T) and Ep{T) are self-adjoint; 

(4) lid-Ep)(T), {ExEp){T) and (id-£;A)(T) are self- adjoint. 
Thus, in particular, 

(4.9) Vo{A,n) = C\{Ht, ® C'finU © ^S(W)sa- 

In light of Proposition 14.41 we therefore have the following description of 'D{A,'H): 

Proposition 4.7. Let Ti be an A-himodule. Then 

(4.10) v{A, H) = {c'xml X c^/inu X c^{n)l) / \j]f{n), 

where \J^ {Ti) acts diagonally by conjugation. 

Now, in light of Propositions l3.4ll4.3l andl 4.6l we can describe how to construct 
an arbitrary Dirac operator on an odd .A-bimodule 7i with multiplicity matrix m: 

(1) For a, (3,j eA such that a < 7, choose Mj^ G M„^™^^,xn„m„3(C); 

(2) For a, P, S e A such that f3 < S, choose iV*^ G M^^^n^ xmo^n^j (C); 
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(3) For a, /3eA, choose M^^ G Af«„m„^(C)sa and iVf^ S M™„^„^( 

(4) Finally, for a, /3, 7, 5 e ^, set 



(4.11) 



^af3 — ^ 



Mlp ® In, 

{M^pY ® 1„, 



if a < 7 and (3^5, 
if a > 7 and (3 — 5, 
if a = 7 and fi < 5, 
^n^®{N^5T if« = 7and/3>,5, 

M^p®^n, + ln^®N^^p if(a,/?) = (7,<5), 
otherwise. 



Note that for any K — (1„^ ® K^p ® ln^)„ ^ ^^^)sa. (so that each if^^g 
is self-adjoint), we can make the replacements 



M2p ^ + ln^^K^p, ^ -K^p®l 



n/3 J 



and still obtain the same Dirac operator D; by Proposition 14.31 this freedom 
is removed by requiring either that M^p G 5{{na) ® Mm^^(C) or that N^^^ e 
Mm^^{C)®s\{np). 

We now turn to the moduli space T>{A, H) itself. By the above discussion and 
Corollary 13. 5[ we can identify the space T>Q{A,Ti,) with 



(4.12) Vo{A,m):^ JJ J| M, 



(C) X (s[(n„)® Af™„,(C))^ 



a,peA-yGA 
1>a 



S>a 



and identify U^^(H) with 
(4.13) 



\]{Am) := W \]{mc,p). 

a,PeA 



By checking at the level of components, one sees that the action of U^^ (7i) on the 
space Vq{A^ TL) corresponds under these identifications to the action of U(^, m) on 
2?o(-^, ™) defined by having {Uap) & U(^, to) act on 



iM2p-^M:f,;Nif,;N^^)eVo{A,m) 



by 



Kp ^ (In, ® U^p)M:piln^p ® K^), Nip ^ (U^s ® lns)Nipmp ® 1„,). 

We have therefore proved the following: 

Proposition 4.8. Let H. he an odd A-bimodule with multiplicity matrix m. Then 
(4.14) V{A, n) = Vq{A, m)l U(A m). 
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4.3. Even bilateral spectral triples. For this section, let (7i,7) be a fixed 
even ^-bimodule with pair of muhiphcity matrices (m°™", to°'^'^). 

Now, let Z? be a self-adjoint operator on 71 anticommuting with 7. Then, with 
respect to the decomposition H = 7^°^°" © 71°'^'^ we can write 

D=(^ ^* 
\A 

where A podd^pcvcn^ viewed as a map n°'^'^. Thus, D is uniquely 

determined by A and vice versa. Moreover, one can check that D satisfies the 
order one condition if and only if A satisfies the generalised order one condition as 
a map 7-^°™" ^ 7i°'^'^. Wc therefore have the following: 

Lemma 4.9. Let (7i,7) be an even A-bimodule. Then the map 'Do{A,Ti.,j) — > 
£i^(-^eve„^^odd) defined by podd^pcvcn isomorphism. 

We now apply this Lemma to obtain our first result regarding the form of 
Proposition 4.10. The map 

defined by [D] 1-^ jpodd^jpcvcnj ^ homeomorphism. 

Proof. Recah that U^f (7i;,7) = U^^(7i:'=™", We therefore have for 

D e Vo{A, n, 7) and U = © U°'^'^ £ U^f H"'^'^) that 

poddjj jjjj^ pcvcn jj-odd podd jj pcvcn ^jj-cvcw^^ 

Thus, under the correspondence Vo{A,H,-/) = ^^^(H''™", the action of 

U^^(7i,7) decouples into an action of {H"^"^) by multiplication on the left and 
an action of U^^(W™") by multiplication by the inverse on the right. Thus, the 
map [D] — > [poddp)pcvcnj j^Q^ only well-defined but manifestly homcomorphic. 

□ 

Combining this last Proposition with Proposition 14.31 wc immediately obtain 
the following: 

Corollary 4.11. Let (7^,7) be an even A-bimodule. Then 

(4.15) v{A, n, 7) ^ u^^(H°'^'*)\(/:^(H'=™", n°'^y 

where {Ti.°'^'^) acts diagonally by multiplication on the left, anrf Uj^^ (7i°™") acts 
diagonally by multiplication on the right by the inverse. 

Now, just as we did in the odd case, let us describe the construction of an 
arbitary Dirac operator D on ("^,7): 

(1) For a, /?, 7 G A, choose M^^ e M„^„oddx„^„cvo„(C); 

(2) For a,(3,Se A, choose iV^^ G M„odd„^ ^„.vo„„^ (C); 



FINITE SPECTRAL TRIPLES 



33 



(3) Construct A e C\{W'''' 



(4.16) 



A7'5 _ 
^af} — 







^odd) setting, for a, S e A, 

if a 7^ 7 and [3 = 5, 
if a = 7 and [3^5, 
-l„„®7Vf^ if («,/?) = (7,^), 
otherwise; 



(4) Finally, set i^ = (X^o*^ 
Again, note that for any K 
we can make the replacements 

1„„ 



odd\ 



Ma/3 



'K. 



Q/3, 



and still obtain the same Dirac operator D] by Proposition 14.31 this freedom is 
removed by requiring either that 

or that 



c„(C) ®s[(ri^). 



Just as in the odd case, the above discussion and Corollary 
can identify 2?o(-4, 7i,7) with 



imply that we 



(4.17) VQ{A,rrf^'''',m°'^'^ 



)■■= n n/v 



T/3 



.r(C) 



(c)) X n M„ (C), 



and identify Ujf (H<=^™) and U^"(H°^^) with U(yt, m'=™'^) and U(y^, m°^'i), respec- 
tively, which are defined according to EquationSH The actions of Ujf (H''™'') and 
yLR^^odd) on C\{T-C^'''^ ,'H°'^'^) therefore correspond under these identifications to 
the actions of U(^,m'=™'i) and U(^,to°'^^), respectively, on X>o(^, W™", m°'^'^) 



tLR, 



odd\ 



defined by having {U'^^ 



e U(^,TO°^d) and (C/°^™) e U(^,i 



act on 



by 

and 



- (In-, ® U°f)Mlp. ^ (C/°f ® lns)Kp. 



even j^odd 



dd 



Ml, 



respectively. Thus we have proved the following: 

Proposition 4.12. Let {Ti,j) be an even A-bimodule with multiplicity matrices 



(4.18) 



Ddd 



) . Then 

V{A, n, 7) ^ \J{A, m°'^'^)\Do{A, m<=™", m°'^'^) / \]{A, m'=™") 



In the quasi-orientable case, the picture simplifies considerably, as all com- 
ponents A^^ necessarily vanish. One is then left, essentially, with the situation 
described by Krajewski |1^ §3.4] and Paschke-Sitarz [201 §2.11] ; as mentioned 
before, one can find in the former the original definition of what are now called 
Krajewski diagrams. These diagrams, used extensively by lochum, Jureit, Schiicker 
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and Stephan [T2l - [T6l [22| . offer a concise, diagrammatic approaclr to the study of 
quasi-orientable even bilateral spectral triples that strongly emphasizes the under- 
lying combinatorics. Though they do admit ready generalisation to the non-quasi- 
orientable case, we will not discuss them here. 

We conclude our discussion of even bilateral spectral triples by recalling a result 
of Paschke and Sitarz of particular interest in relation to the NCG Standard Model. 

Proposition 4.13 (Paschke-Sitarz [20, Lemma 7]). Let (7i,7) be an orientable 
A-himodule. Then for all D £ Vq{A, 7i, 7), 

N N 

(4.19) D=Y, A(e,)[D, A(e,)] + p{eu)[D, p{ei)]. 

i,j=l k.l=l 

Proof. Fix D e Vo{A,H,-f), and let 

N N 

T-.^D-Y, \{e,)[D,X{e,)]- ^ p{ek)[D , p{ei)] 

i,j=l k,l=l 
i^j k^l 

N N 

= D-Y A(e,)m(e,)- ^ p{ek)Dp{ei). 
hj- 

Then for aU a, (3, 6 e A, 



= l k,l=l 
i^j k^l 



Dl'^ ifr(a)=r(7),r(/3)=r(<5), 
nl^{-Dl'p ifr(a)v^r(7),r(/?)^r(5), 
otherwise, 

where for a E A, r{a) is the value of j G {l,...,iV} such that a £ Affc^(Kj). 
However, by Proposition 321 must vanish in the second case, whilst by Propo- 
sition [2t31 D'^Jp must vanish in the first, so that T = 0. □ 

Now, let {A, H, D, J, 7) be a real spectral triple of even ifO-dimension. A gauge 
potential for the triple is then a self-adjoint operator on Ti. of the form 

n 

YKak)[D,X{bk)], 

k=l 

where ai, . . . , a„, fei, . . . , 6„ e A, and an inner fluctuation of the metric is a Dirac 
operator Da G 2?o(-4, H, J, 7) of the form 

Da:= D + A + e'JAJ* =D + A + JAJ\ 

where A is a gauge potential. One then has that for any gauge potential A, 
{A,7i, D, J,j) and {A,7i, Da, J,j) are Morita equivalent. In this light, the last 
Proposition admits the following interpretation: 

Corollary 4.14. Let (Ti, J, 7) be an orientable real A-bimodule of even KO-dimen- 
sion. Then for all D G T>q(A, 7i, 7, J), 

N 

(4.20) A^-J2 Ke^)[D,X{e,)] 
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is a gauge potential for the real spectral triple {A, H, D, J, 7) such that Da ~ 0. 

Thus, every finite orientable real spectral triple {A,H, D, J^-f) of even KO- 
dimension is Morita equivalent to the dynamically trivial triple {A, Ti, 0, J, 7). 

4.4. Real spectral triples of odd i^O-dimension. For this section, let 
(7i, J) be a real ^-bimodule of odd JCO-dimension n mod 8 with multiplicity matrix 
m. We begin by reducing the study of Dirac operators on (7i, J) to that of self- 
adjoint right ^-linear operators on Ti. 

Proposition 4.15 (Krajewski [HI §3.4]). Let {H, J) be a real A-bimodule of odd 
KO-dimension n mod 8. Then the map Rn ■ C^{'H)aa ^ 'DQ[A,Ti,,J) defined 
by Rn{M) := M + e'JMJ* is a surjection interwining the action of V^^iTi., J) 
on >C^(?i)sa by conjugation with the action on Po(-4, 7i, J) by conjugation, and 
ker(i?„) C C]^in)s.. 

Proof. First, note that i?„ is indeed well-defined, since by Equation 12.41 for 
any M G C^in)s^, JMJ* G C]x{'H)s^, and hence i?„(M) G VoiA^H, J). 

Now, let E\ and Ep be defined as in Lemma and let E'^^ = id—E\, E'^ = 
id —Ep. Then, by construction of E\ and Ep and Eauation l2.41 for any T e C^{H), 

Ex{JTJ*) ^ JEp{T)J\ Ep{JTJ*) = JEx{T)J*. 

Hence, in particular, for D e ^^{A, H, J), since JDJ* ~ e'D, 

D^\{E'^ + Ep){T) + \{Ex + E'^){T) 

= \{E'^ + Ep){T) + e'j\{E'^ + Ep){T)r 

= Rn (^{E'x + Ep){T)y 

where \{E'^ + Ep){T) e £5(7^)sa. 

Finally, that i?„ interwtines the actions of U^^ (7i, J) follows from Proposi- 
tion |43] together with the fact that elements of U^^ (7i, J), by definition, commute 
with J, whilst the fact that i?„(Af) = if and only if M = —e' JMJ* implies that 
ker(i?„) C CfinU. □ 

It follows, in particular, that ker(i?„) is invariant under the action of Uj^^(7i, J) 
by conjugation, so that the action of Uj^^ (7i, J) on C^{TC)sa. induces an action on 
the quotient /!^(7i)sa/ ker(i?„), and hence _R„ induces an isomorphism 

(4.21) Vo{A, U, J) ^ CXinUI ker(i?„) 

of U^^ (7i, J)-representations. Thus we have proved the following: 

Corollary 4.16. Let {Ti, J) be a real A-bimodule of odd KO-dimension n mod 8. 
Then 

(4.22) V{A, n, J) ^ {CXiUUI ker(i?„)) / U^^(H, J). 

Discussion of V{A,TL, J) thus requires discussion first of ker(i?„): 

Lemma 4.17. If K ^ (1„„ ® K^p ® lnp)^^p^x ^ ^^0^)^^' ^hen K e ker(i?„) if 
and only if for each a, (3 ^ A such that a ^ [3, 

(4.23) Kp^ = -e'Klp, 
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and for each a € A, 



(4.24) 



'Sym„_(K) 


ifn^ 


I, 


iSpiniaa) 


ifn = 


3, 




ifn = 


5, 




ifn = 


7. 



Proof. By definition of K G ker(i?„) if and only ii K = -e'JKJ* 
—se'JKJ, and this in turn holds if and only if, for a, (3 € A such that (3, 



while for a G A, 



—e'Kaa, if n = 1 or 7, 
e'laKaala if ^ = 3 or 5, 



where la — ^maa ° complex conjugation. In the case that n 3 or 5, however, by 
construction, M„^^/2(1HI), viewed in the usual way as a real form of Mm^^(C), is 
precisely the set of matrices in Mm^^(C) commuting with /„. This, together with 
the hypothesis that K is self-adjoint, so that each Kafj is self-adjoint, yields the 
desired result. □ 



We can now describe the the construction of an arbitrary Dirac operator D on 
(W, J): 

(1) For a, /?, 7 G ^such that a < 7, choose M^^ G M„^„^^xnamc3(C); 

(2) For a,l3eA, choose G M„„„^^(C)sa; 

(3) For a, /3, 7, 5 G A, set 

!^2i3 l"/3 if a < 7 and (3 = 5, 

(M^^y ® if a > 7 and /S = 5, 

M^f3^^n, if (a,/3) = (7,J), 

otherwise. 

(4) Finally, set D = i?„(M). 

Now, let K ~ (1„^ Kap ^n0)afjeA ^ ker(i?„), so that each Kais is self- 
adjoint, and for a, (3 € A such that a 7^ /3, Kpa = ~^'Ka0 ^^'-^ G T^a{n). 
Thus, K is uniquely specified by the matrices JTa/S S M„i^^(C)sa iov a < (3 and by 
the i^QQ S T^a{n). Then, we can replace M hy M + K, i.e. make the replacements, 
for a, P G A such that a < /3, 

and obtain the same Dirac operator D. However, this is a freedom cannot generally 
be removed as we did in earlier cases, as it reflects precisely the non-injectivity of 
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By the above discussion and Propositions 13.191 and I3.23|. we can identify the 
space 'Do{A, H, J) with 



(4.26) VoiA,m,n) 



n 



aeA 

riamiyj^ (^)sa © -^^nfjra^ 



7>Q 



,(C) 



where Mm„^(C)sa is viewed as embedded in M„^,„„^(C)sa © -^n^ma^ (C)sa via the 



map 



K I 



(1„^ ®K)® (-e'l„3 ®K^), 



and Ujf (H, J) with 



(4.27) 



/3Gyt 

/3>a 



Ua{n) 



where 

{□(mctc) if n = 1 or 7, 
Sp(mQQ) if n = 3 or 5. 

Then the action of \]^{TL]J) on 'Dq{A,'H\ J) corresponds under these identifica- 
tions to the action of \]{A^m,n) on 2?o(-4, m,n) defined by having the element 
(t/„„; U^p) e V{A, m, n) act on ([M^J; [(M«^, M^^)]; M^^) e Po(A m, n) by 



[(M^^,M|J] 



' {In., ®U,p)Mlp{U^ 
(In, '^C^)MJ^(1„„ 

(In, ®Up^)Mlp{ln^ 

We have therefore proved the foUowing: 



U*p) if a < /3, 7 < (5, 

U^J if a > /3, 7 < (5, 

[/*^) if a < /3, 7 >(5, 

C/I ) if a > /3, 7 >(5. 



Proposition 4.18. Let {Ti., J) he a real A-himodule of odd KO-dimension n mod 8 
with multiplicity matrix m. Then 

(4.28) V{A, n, J) = Va{A, m, n)/ \J{A, to, n). 

4.5. Real spectral triples of even i^O-dimension. We now turn to real 
spectral triples of even ifO-dimension. Because of the considerable qualitative 
differences between the two cases, we consider separately the case of i^TO-dimension 
or 4 mod 8 and if O-dimension 2 or 6 mod 8. 

In what follows, (7i,7, J) is a fixed real ^-bimodule of even if O-dimension 
n mod 8 with multiplicity matrices (to''™'^, to°'1^); we denote by C\{H'''"''', J) 
the subspace of £^(W™", 7i°'^^) consisting of 6 such that 

I ^ j eVo{A,H;-f,J). 
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It then follows that 

(4.29) VoiA,H,j,J) = C\{W'"''\n°^'^;J) 

via the map D ^ poddj^pcven 

4.5.1. KO-dimension or 4 mod 8. Let us first consider the case where n = 
or 4 mod 8, i.e. where e' = 1. Then J = J''™" ® J°'^^ for anti-unitaries J^™'^ and 
jodd ^ovon j^odd^ respectively, such that J°™") and (H"'^^, J"^'*) are 

real ^-bimodules of iiTO-dimension n' mod 8, where n' = 1 or 7 if n = 0, 3 or 5 if 
n = 4. In light of Corollary 13.251 one can readily check the following analogue of 
Proposition 14.101 

Proposition 4.19. The map 

defined by [D] i— )■ [podd^jpcvcnj ^ homeomorphism. 

Here, as before, U^^(H°'^'^, J°'^'*) acts by muhiphcation on the left, whilst the 
group Uj^^(7i°™", J°™") acts by multiplication on the right by the inverse. 
We now prove the relevant analogue of Proposition [47151 

Proposition 4.20. The map R„ : ^ J) de- 

fined by Rn{M) :— M + J°'^'^A/( J°™")* is a surjection interwining the actions of 
yLRj^^odd^ jodd) multiplication on the left and o/ Uj^" , J"™") by multipli- 

cation on the right by the inverse on ^^(Ti^™", and C\{A,H'''""^,n°'^'^, J), 

and ker(i?„) C C^^iW"'', H°'^'^). 

Proof. First note that 

J) = {A e I A = J°^'^A(J<=™")*}, 

so that Rn is indeed well-defined by construction. Moreover, since (Ti.°^°^ , J<=™") 
and \j]f{H°'^'^,J°'^'^) commute by definition with J^™" and J"^'^, respectively, it 
then follows by construction of i?„ that i?„ does indeed have the desired intertwin- 
ing properties. 

Next, for M e we have that i?„(M) = if and only if 

M = -J°'^^M(J'=™")*, but M is right Alinear if and only if J°d'iM( J°™")* = 
eJ°'i<^MJ'=™" is left Alinear, so that M e r^^^ as claimed. 

Finally, it is easy to check, just as in the proof of Proposition 14.151 that for 
A e C\{W°'',H°'^'^,J), 

A = i?„Q(ii;; + i?,)(A)), 

where l{E'^ + Ep){A) e □ 

Again, just as in the case of odd A'O-dimension, this last result not only implies 
that the actions of U^^ J'=™'') and U^^ J"^'^) on ^^(H"™", de- 

scend to actions on ^^(Ti''™", 7^°'^'^)/ ker(i?„), but that _R„ descends to an isomor- 
phism /:5(H°™'^,7i;°'^^)/ker(i?„) = C\{H''''"\n°'^'^; J) intertwining the actions of 
yLR^^oven^ jovcn) yLR^-^odd^ jodd)^ thereby yielding the following 

Corollary 4.21. Let (7i, 7, J) be a real A-bimodule of KO-dimension n mod 8 for 

n = or 4. T/ien 

(4.30) 

v{A, n, 7, J) = \j]f{n°'^'^, j°'^^)\ (/:5(H''"''", h°'^'*)/ ker(i?„)) / u^^tw'^™", j^^™") 
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Mutatis mutandis, the proof of Lemina l4. ITI vields the following characterisation 
of ker(i?„): 

Lemma 4.22. If K = (1„„ ® K^^ ® l»3)a,/3e^ ^ H"'!'^), then K e 

ker(i?„) ij and only if for each a, (3 d A such that a ^ p, 



(4.31) Kp^ = -K^fi, 

and for each a & A, 

iM„,add X ,„cvo„ (M) ifn = 0, 



(4.32) e n^{n) 



iM„,odd/2xmj,v„"»/2(H) ifn = 4:. 



Note that such a map iiT e (W™", Ti"*^^) is therefore entirely specified by 
the Kaf3 e M^oddxm''^^"(C) for a < /3 and by the K^a S TZa{n). 

Let us now describe the construction of an arbitrary Dirac operator D on the 
real .A-bimodule {H, 7, J) of iCO-dimension n = or 4 mod 8: 

(1) For a, /3, 7 e A, choose Mj^ e M„^„oddx„^„ove„ (C); 

(2) Construct M e C^{H°™\n°'^'^) by setting for a, /3, 7, 5 G A, 

(4.33) ^2^ = 1^"/'^^"^ ^'^ = '' 



otherwise; 



(3) Finally, set 
(4.34) D = 



Rn{M)* 

Rn{M) 



Just as before, if i?„ is non-injective, we can make the substitution AI 1— > 
M + K for any K e ker(_R„) and obtain the same Dirac operator D; at the level of 
components, we have for a, (3 E A such that a < (3, 

With these observations in hand, we can revisit the moduli space ^{A, H, 7, J). 

By the discussion above and Corollaries l3.19l and l3.23l we can identify the space 
Vo{A,n,j,J) with 



(4.35) Po(A™'™",™°'*'^,^) := n 



aeA 



(C)/(1„„ ®7^„(n)) 



n (^n„m°dixn„m^™"(C) ® M„^„odd x„^„cvo„ (C))/M„odd x„cvc„ (C) 



l3eA 
0>a 



where M„oddxmcv^o„(C) is viewed as embedded in the space 

-^n„m°'Jf xn<,m™"('C) ® M„^„od^d ^ „^„cvc„ (C) 
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via the map X (l„„®X)e(-l„^(g)i?), and identify the groups U5f(7^°™"; J°™") 
and Ujf J°^'*) with U(^, to°™\ n') and \J{A,m°'^'^,n'), respectively. Then 

the actions of Uj^^(H'=™'^; J''™'^) and Ujf J°<^'*) on C\{W'"',n°'^'^; J) cor- 

responds under these identifications to the actions of the groups U(^, m''™", n') 
and U{^, m°'^'^, n'), respectively, on VoiA, r7i°™", m°^'*, n) defined by having 

mi''; Kf) e U(A m^^'i; n'), (1/^"; C^a^') e U(^, m--; n') 

act on ([Af^J; [(M^^, M^J]; M^^) e Po(Am,n) by 

[(ln„®C^oa>/«a]; 

[{M^p, Ml J] ^ ® Kf)M^p, (1„, ® C^)M^^J 

{In, ®Uf^'')Mlp if7><S; 



and 



[Mao] 



[M.o(i„„®(c/r")*)]; 



respectively. We have therefore proved the following: 

Proposition 4.23. Let (7Y,7, J) be a real A-bimodule of even KO-dimension 
n mod 8 for n — Q or A, with multiplicity matrices {rrf^™^ m°'^'^). Then 

(4.36) V{A, n, 7, J) = U(^, m°^'i, n')\Va{A, m'=™'^, m°^'^, n)/ \J{A, m'=™'^, n'). 

It is worth noting that considerable simplifications are obtained in the quasi- 
orientable case, as all components of the form M^^ (g) of M e ^^C^"™". ^°'^'^) 
must necessarily vanish, as must ker(_R„) itself. In particular, then, one is left with 

4.5.2. KO-dimension 2 or 6 mod 8. Let us now consider the case where n — 2 
OT n — 6 mod 8, i.e. where e' — —1. Then 



J = 



eJ' 
J 



for J : H^™" ^ anti-unitary, and m"^'^ = (m<=™")^. In Hght of Corollary [^211 
one can easily establish, along the lines of Propositions l4.10l and l4.2Dl the following 
result: 

Proposition 4.24. Lei U^^(H'=™") act on C\{n'''""^,n°'^'^] J) by 

{U,A) JUJ*AU* 
for U e U^^(H'=™") and A e J). Then the map 

V{A, n, 7, J) 7^°'*^; J)/ U^f (H"™'^) 
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defined by [D] t—i- [podd^jpcvcnj ^ homeomorphism. 

In the same way, we can define an action of U^f on 7^°'*'^). 

We now give the relevant analogue of Propositions 14.151 and 14.201 

Proposition 4.25. The map i?„ : C^i'W'''^ ,H°'^'^) C^iW""^ ,H°'^'^; J) de- 
fined by Rn{M) :— M + eJM*J is a surjection intertwining the actions of the 
group U^^ (7i:'=™") on C^{W'"^ , H°'^'^) and C\{W'"''^,U°'^'^; J), and ker(i?„) C 

£LR(-^ovcn^^odd)_ 

Proof. First note that 

J) = {A e I A = £JA*J}, 

as can be checked by direct calculation, so that i?„ is indeed well-defined. It also 
readily follows by construction of i?„ and the definition of the actions of U^^(W™") 
that Rn has the desired intertwining properties. 

Now, for M e one has that i?„(M) = if and only if M = 

-eJM*J, but JM*J is manifestly left Alinear, so that M G as 
claimed. 

Finally, just as in the proof of Propositions 14. isl and 14.201 one can easily check 
that for A e J), 

A = R4^{E'^ + E,)iA)), 

where ^{E'^ + Ep){A) is right AHnear. □ 

Just as in the earlier cases, the action of Uj4^(H'=™") on 7^°^^^) de- 

scends to an action on the quotient £^(7^'^^''", 7Y°'*'^)/ ker(i?„), so that i?„ descends 
to an U^^(7i:°™",H°^'^)-isomorphism 

(4.37) £5(7^°™",H°^'*)/ker(ii'„) ^ £^ (W^™" , 7^°^^^ ; J), 
thereby yielding the following: 

Corollary 4.26. Let {TC, 7, J) be a real A-bimodule of KO -dimension n mod 8 for 
n — 2 or 6. Then 

(4.38) V{A,nn,J) = (£5(7^<'™",7^°'^'*)/ker(i?„))/U^^(7^''™"). 

Again, mutatis mutandis, the proof of Lemma 14.171 yields the following charac- 
terisation of ker(i?„): 

Lemma 4.27. If K = (1„„ ® K^p ® l",)„^^e^ e {W°'\'H°'''') , then K G 
ker(i?„) if and only if for each a, (3 d A such that a ^ P, 

(4.39) Kfj,, = -eKlp, 
and for each a G A, 



(4.40) if„„G7^„(r^) 



so(m^™^,C) ifn = 6. 
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Thus, such a map K G ker(i?„) is entirely specified by the components Kajj S 
Afmj'^<"'XTn»^j"'(C) for a < /3 and by the Kaa S TZa{n). 

Note that the discussion of the construction of Dirac operators and of the 
freedom in the construction provided by ker(i?„) in the case of if O-dimension or 
4 mod 8 holds also in this case. Thus we can identify ^{A, H, 7, J) with 



(4.41) I?o(A m«™",n) := [] 



Mn^ m-- (C) / ( 1„„ O Ua (n) ) 



0eA 

/3>a 



/3,76.A 

where M^evenxmovo„ (C) is viewed as embedded in the space 

via the map K (1„^ if) ® (-el„a ® if^), and identify Ujf (H'=™") with 
V{A, m'=™"). Then the action of Ujf (H'=™") on J) corresponds un- 

der these identifications with the action of U(^, m'^^'^'^) on 'Do{A, m**™", n) defined 
by having (C/„^) G U(Am-^") act on ([M«J; [(M«^, m|J]; Mj^) G Po(Am,n) 
by 

This, then, proves the following: 

Proposition 4.28. Let {'H,j,J) be a real A-himdoule of even KO-dimension 
n mod 8 for n = 2 or 6, with multiplicity matrices (m°™", (m''™")"^). Then 

(4.42) 2?(AH,7,^) =^?o(A"^°™",^)/U(ATO'™")• 

Again, considerable simplifications are obtained in the quasi-orientable case, 
just as for if O-dimension or 4 mod 8. 

4.6. Dirac operators in the Chamseddine— Connes— Marcolli model. 

Let us now apply the above results on Dirac operators and moduli spaces thereof 
to the bimodules appearing in the Chamseddine-Connes-MarcoUi model. 

We begin with {T-Lf,1fi Jf, ^f) as an 5°-real ^i^-bimodule of ifO-dimension 
6 mod 8, which, as we shall now see, is essentially 5°-real in structure: 

Proposition 4.29. For the S^-real AhR-himodule {T-Lfi^f, Jf, ^f) of KO-dimen- 
sion 6 mod 8, 

T^q{-A.lr, Ti-F, Jf, Jf) = 'Do{Alr, Hf, If, Jf, sf), 

and 

U^^ JW, 7F, Jf) = U^^ JW, 7F, Jf, eF), 
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SO that 

Proof. To prove the first part of the claim, by Proposition 14.251 it suffices 
to show that any right ^Li^-linear operator H^''" H'^^ commutes with ep. 
Thus, let T G C\jnf'''',H°p'^'^). Then, since the signed muhiphcity matrix /i of 
{TLft^f) as an orientable even ^i/j-bimodule is given by 








-1 


+1 

























+1 











+1 





-1 











-1 











-1 


+1 






















0/ 



it follows from Proposition 13.41 that the only non-zero components of T are ^2^^ 
and Tg^g, which both have domain and range within "H/ = {Ti.F)i, where e acts as 
the identity. Thus, T commutes with ep. 

To prove the next part of the claim, it suffices to show that any left and right 
y^Lfl-finear operator on Hp commutes with ep. But again, if K G C]^^{Hf), then 

the only non-zero components of K are of the form K^p, each of which therefore 
has both domain and range either within 7i/ or Tij ~ JpTLf, so that K commutes 
with e p . The last part of the claim is then an immediate consequence of the first 
two parts. □ 

Thus, by Proposition [27181 we have that 

(4.43) Vo{ALR,npnF,JF) = Va{ALR,nF,-iF,JF,eF)^Va{ALR:nf,-if) 
and 

(4.44) V(Alr, Hf^f, Jf) = V{Alr, Hf^f, Jf, ef) = V{ALR,nf,-ff), 

where (H/,7/) — {{T-Cp)i, {'ypji) is the orientable even y^^fl-bimodule with signed 
multiplicity matrix 

/ 0\ 



^+1 +1 

~ -1 -1 ■ 



\ 0/ 

In particular, then, {T-lp,"fp, Jp) as a real ^Lfl-bimodule admits no off-diagonal 
Dirac operators, that is, Dirac operators with non-zero P^iDPi : Hf ^ Hj, or 
equivalently, that have non- vanishing commutator with ep. Let us now exam- 
ine Vo{ALR,'Hp,"fp, Jp) and 'D{Alr,'Hf,Jf, Jf), or rather, I?o(^Li?, W/, 7/) and 
^'(-^Lii, 7i/, 7/), in more detail. 

First, it follows from the form of / and Proposition[3l]that £\^^ {nY°'',nf'^) 
vanishes, whilst 

^^^(^r"' "^f") = M2n{C) © (M2Ar(C) I3) = M2n{C) Af2w(C). 

so that any Dirac operator on Tif (and hence on Tip) is completely specified by 
a choice of M^f^, M^^g e M2n(.C). Indeed, if (m<=™", to"'^^) denotes the pair of 
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multiplicity matrices of {Ti.f,^f), then, in the notation of subsection 14. 5. 2| 
2?o(^Lfl,m-™,6) = Af27v(C) © Af2iv(C). 

At the same time, 

U^L(^r") = (l2®U(iV))©(l2®U(7V)®l3) =U(iV) xU(iV) =: U(^Lfl,m°™") 
and 

V^f^jnf'') = (l2 U(7V)) © (l2 U(iV) ® I3) - U(7V) X U(iV) =: \J{Alr, m""-'). 
It then follows that 

(4.45) V{ALR,nf, 7/) = V{Alb. rn°^'')\Vo{ALB. 6)/ \J{Alr, m^™") 



(4.46) 



(U(iV)\M2Ar(C)/U(7V))', 



where U(iV) acts on the left by multiplication and on the right by multiplication 
by the inverse as I2 O UiN). The two factors of the form U(A^)\M27v(C)/ U(iV) 
can thus be viewed as the parameter spaces of the components M^'^^ and 
respectively. 

Let us now consider {Hf^Jf, Jf,^f) as an 5°-real ^i?-bimodule, so that the 
multiplicity matrices (m''™", m°'^'*) of {Hf,Jf) are given by 

/I 1 0\ /I 1 1 0\ 



= N 




10 10 
110 



Ddd 



N 



1 1 
10 10 

10 



cvciinT 



yooooo/ yooooo/ 

Now it follows from the form of (m°™", m°'^'^) that 

/:5,(Hr",^F ^) - A/JV(C)®2 © Mwx2iv(C)®2 © MArx3iv(C)®2 

©(MArx2iv(C)®l3)®2, 

whilst 

ker(i?6) = sI(iV,C) C Mn{C) 

for the copy of Mn{C) corresponding to /:5((H^™")ii, in°/'^)ii). Since Mw(C) : 
Symjv(C) ffis[(iV,C), Mjv(C)/sI(iV, C) can be identified with Symjv(C), so that 

'Do{Af,Hf,1f, Jf) 

^cX{nT'\nf'')/vcT{R,) 

= Sym^(C) © Afjv(C) © Mwx2iv(C)®2 © Mjvx3Jv(C)®2 © (Mjvx2Jv(C) ® 13)®^ 
Thus, a Dirac operator D, which is specified by a choice of class 

[M] e cX{nT'\nf'')i]^cr{R,), 

is therefore specified in turn by the choice of the following matrices: 

• Mi\ e Symjv(C), M}^ e Mn{C)- 

• M^i, M|i e M7Vx27v(C); 

• M3I1, M|i e Mjvx37v(C); 

x2Jv(C). 
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Indeed, it follows that 

(4.47) Vo{Af, m^™^ 6) = Sym^(C) ® Afjv(C) © M^x2iv(C)®2 © Mjvx3Jv(C)®2 

©MArx2Ar(C)®2. 

Next, we have that U(^f, 'ti''™") = U(A^)^, with a copy of U(Af) corresponding 
to each of (Hr")iT: (Wr")2i, (Hr")23, (Hr")3i, and (7^^")3T■ 

Then, by Proposition 14.281 

(4.48) P(^f,7^F,7F, Jf) -Po(^f,m<=™",6)/U(^F,m<=™") 

for the action of \]{Af on I?o(-4f, 6) given by having the element 

(f/a/3) e U(^j.,m<=™'^) act on (M^^) e Po(^f, m^™", 6) by 

Mlp - (In. ® f^)M2;,(l„„ ® Kp). 

Note that in the notation of [8, §§13.4, 13.5], for (M^^) e Po(^f, m''™", 6), 

so that the so-called Majorana mass term is already present in its final form, whilst 
for U e U(y^F,m°™'^), 

C/= (C/ll,C/lT,f/21,C/23,C/31,C/3T) = (KKl^3,W^3,'f^,Wr). 

Finally, let us compute the sub-moduli space 'D{AF,'HF,"fF, Jf',Cf) for 

Cf = {(C,diag(C,C),0) e I A e C} - C. 

It is easy to see that [M] e C^^{Hp'''\H°/'^)/ kev^Re) yields an element of the 
subspace Vq{Af, "HfiIf, Jf] Cf) if and only if M commutes with A(Cf), but this 
holds if and only if for all C G C and j3 ^ Af, 

CMj^ = Mi^(diag(C, C) ® In). CmJ^ = Mi3(diag(C, C) ® In). 

which is in turn equivalent to having M^^, -^31 and M^-^ all vanish, and 

M2\-(T, 0), Ml^ = {0 Te), Ml^ = {T^ O) , = (O T^) , 

for Tu, Te, T„, Td G Mn{C). One can check that our notation is consistent with 
that of 8, §§13.4, 13.5]. Indeed, if X'o(-4f, "i'^™'^, 6; Cf) denotes the subspace of 
2?o(-4f, 6) corresponding to X'o(-^f, "^f, 7f, >/f; Cf), then 

(4.49) P(^F,^F,7F, Jf;Cf) =Po(^F,m™™,6;CF)/U(^F,m'=™") ^C, xCz 
for 

(4.50) Cq (U(7V) X U(7V)) \(Af^v(C) x Mn{C)) / \]{N), 
where U(A^) acts diagonally by multiplication on the right, and 

Ci (U(7V) X \]{N))\{Mn{C) X Afjv(C) x Sym^(C))/ U(7V), 
where \J{N) x \]{N) acts trivially on Sym^(C) and U(7V) acts on Symjv(C) by 

{V2.Tr)^V2TrV^- 
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note that Cq is the parameter space for the matrices (Tu,Trf), whilst Ci is the 
parameter space for the matrices (T^,Te,Tfl). Thus we have recovered the sub- 
moduh space of Dirac operators considered by Chamseddine-Connes-MarcoUi 01 
§§2.6, 2.7] (c/. also ^ §§13.4, 13.5]). 

5. Applications to the Recent Work of Chamseddine and Connes 

In this section, we reformulate the results of Chamseddine and Connes in [2l[3] 
and give new proofs thereof using the theory of bimodules and bilateral triples 
developed above. 

Before continuing, recall that, up to automorphisms, the only real forms of 
M„(C) are M„(C), M„(]R), and, if n is even, Af„/2(H). 

5.1. Admissible real bimodules. We begin by studying what Chamsed- 
dine and Connes call irreducible triplets, namely, real ^-bimodules satisfying cer- 
tain representation-theoretic conditions, along the lines of [3', §2]. However, we 
shall progress by adding Chamseddine and Connes 's various requirements for irre- 
ducible triplets one by one, bringing us gradually to their classification of irreducible 
triplets. 

In what follows, A will once more denote a fixed real C*-algebra, and for 
{TC, J) a real ^-bimodule of odd XO-dimension, C^ {H;J) will denote the real 
*-subalgebra of £^^ (7i) consisting of elements commuting with J. 

Let us now introduce the first explict requirement for irreducible triplets. 

Definition 5.1. Let {Ti, J) be a real ^-bimodule of odd /-iTO-dimension. We shall 
say that {Ti., J) is irreducible if and 1 are the only projections in C^{T-C; J). 

To proceed, we shall need the following: 

Lemma 5.2. Let (7i, J) be a real A-bimodule of odd KO-dimension n mod 8 with 
multiplicity matrix m. Then 




®^eA (») ® ® a,/3e^ Mrn^, C^) ' tf n = 1 or 7 mod 8, 

/ a</3 

e^g^A/^^/alH)") ®0^^^^A/„^^(C), ifn = 3 or5mod8. 

J a<f3 

Proof. Let T = (1„^ » T^^ ® 1„^) e C^iH). Just as for Propositions [37T91 
and 13.231 one can show that [T, J] = if and only if for all a, P & A, Tpa — Tap if 

a ^ (3 and 

J, f Mm^^ (M), if n = 1 or 7 mod 8, 
^ |M^^^/2(H), ifn = 3or5mod8. 

Thus, T e C^{7i;J) is completely specified by the matrices Taa and Tap for 
a > (3, giving rise to the isomorphisms of the claim. □ 

We can now formulate the part of the results of [51 §2] that depends only on 
this notion of irreducibility. 

Proposition 5.3. Let (7i, J) be a real A-bimodule of odd KO-dimension n mod 8 
with multiplicity matrix m. Then (7i, J) is irreducible if and only if one of the 
following holds: 
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(1) There exists a A such that m = 2^^ '^^^'^Eaa', 

(2) There exist a, (3 £ A, a ^ [3 , such that m = Eafj + Epa- 

Proof. By definition, (H, J) is irreducible if and only if the only projections 
in the real C*-algebra C^{H, J) are and 1, but by Lemma [5T2l this in turn holds 
if and only if one of the following holds: 

(1) £]^{Ti,; J) ^ M, so that n = 1 or 7 mod 8, and m ~ E^a for some a G A, 

(2) C^ {Ti,; J) ^ H, so that n = 3 or 5 mod 8, and m ~ 2Eaa for some a G A, 

(3) C]^iH; J) = C, so that m = Eaf3 + Ep^ for some a, (3 G A, oi ^ (3, 
which yields in turn the desired result. □ 

We shall call an irreducible odd iiTO-dimensional real ^-bimodule (7i, J) type 
A if the first case holds, and type B if the second case holds; Chamseddine and 
Connes's first and second case for irreducible triplets [21 Lemma 2.2] correspond to 
the type A and type B case, respectively. We shall also find it convenient to define 
the skeleton skel(?-^, J) of such a bimodule as follows: 

(1) if {H, J) is type A, then skeliTL, J) :— {a}, where a G ^ is such that 
mult['W] = 2^Eaa\ 

(2) if (H, J) is type B, then skel(7i, J) := {a, /?}, where a, [3 G A, a ^ (3, are 
such that mult \H] = Eap + Epa ■ 

Let us now introduce the second explicit requirement for irreducible triplets. 

Definition 5.4. An ^-bimodule TL is (left) separating if there exists some ^ E H 
such that A(^)'^ — Ti. Such a vector ^ is then called a separating vector for A. 

Recall that for a representation <Y of a complex C*-algebra C, ^ £ is a 
separating vector if and only if the map C — > A" given by c i— > is injective. 

Lemma 5.5. Let p, q gN. There exists a separating vector ^ for the usual action 
ofMp{C) on CP (g) C« as Mp{C) (g) 1, if and only if p < q. 

Proof. Let {e^lf^^ be a basis for C^, and let be a basis for C. 

First suppose that p < q. Let ^ e ® be given by ^ = J2^=i ^i® fi- Then 
for any a, b G Afp(C), 

i=l \l=l ) 

so that by linear independence of the and fj , the left-hand side vanishes if and 
only if for each i and I, — 6' =0, i.e. a — b. Hence, ^ is indeed a separating 
vector. 

Now suppose that p > q. Then dime Mp{C) — dime ® C = p{p — q) > 0, 
so that for any ^ € «) C«, the map Mp(C) i-^ (g> C« given by a (a Ig) ^ 
cannot possibly be injective, and hence ^ cannot possibly be separating. □ 

We can now reformulate that part of the results in 3, §2] that depends only on 
irreducibility and the existence of a separating vector. 

Proposition 5.6. Let [Ti, J) be an irreducible real A-bimodule of odd KO-dimen- 
sion n mod 8. 

(1) Lf (H, J) is type A, then it is separating; 
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(2) // (7i, J) is type B with skeleton (a,/3), then (7i, J) is separating if and 
only if Ha = np. 

Proof. First suppose that (7i, J) is type A. Let {a] — skel(7i, J), and let 
m„ = 2(i-^)/2. Then H = C"° ® C"" ® = C"° ® C™""°, and the left action 
A of ^ on 7i is thus given by Aq ® ^mnna ■ Now 

A(^)' = (A„(^) ® 1™,.„J' = (M„JC) ® 1„„„J' , 

so that the action A of ^ admits a separating vector if and only if the action of 
M„^(C) as M„^(C) ® lm„nc admits a separating vector, but by Lemma [5751 this is 
indeed the 

Now, suppose that [Ti, J) is type B. Let {a,/3} — skel(7i, J). Then 
n = (C"° ® C"«) ® (C"" ® C"°), 
and the left action A of ^ on W is given by A = (Aq ® 1„^) © (A/3 (g) Since 

A(^)' = {{K{A) ® U,) © {Xp{A) ® 1„J)' 

((M„JC) © 1„^) © (Af„^,(C) © 1„J)' , 

so that the action \ oi A admits a separating vector if and only if the action of 
^nc(C)©M„^(C) as (M„^(C)©1„^)©(M„^(C)©1„„) admits a separating vector. 
Since dime M„^ (C) © M„^(C) — dime Ti, = [ua — np)"^ , if 7^ np then no injective 
linear maps M„^(C) © M„^(C) H can exist, and in particular, there exist no 
separating vectors for the action of M„_^(C) © M„^(C), and hence for A. Suppose 
instead that na = np = n. Then 

7^ = (C"©C")©(C"®C") 

so that, since a 7^ /3, A(^)' = (M„(C) © !„)' © (M„(C) © !„)'. Thus, if ^ is 
the separating vector for the action of M„ (C) on C" © C" given by the proof of 
Lemma 15.51 then ^ © ^ is also a separating vector for the action A of A^ and hence 
[TL, J) is indeed separating. □ 

Let us now introduce the final requirement for irreducible triplets; recall that 
the complex form of a real C*-algebra A a real C*-algebra is denoted by ^c- 

Definition 5.7. We shall call an ^-bimodule Ti complex-linear if both left and 
right actions of A on 7i extend to C-linear actions of Ac, making Ti into a complex 
^C-bimodule. 

It follows immediately that a y^-bimodule Ti is complex-linear if and only if 
for m = mult[?i], map — whenever a or is conjugate-linear. In particular, by 
Proposition l3.13l it follows that a complex-linear quasi-orientable graded bimodule 
is always orientable. 

We can now reformulate Chamseddine and Connes's definition for irreducible 
triplets: 

Definition 5.8. An irreducible triplet is a triplet (y^, H, J), where ^ is a finite- 
dimensional real C*-algebra and (7i, J) is a complex-linear, separating, irreducible 
real yl-bimodule of odd ifO-dimension such that the left action of ^ on W is faithful. 
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Note that for Ti. a real ^-bimodule, the left action of A is faithful if and only 
if the right action is faithful. 

By combining the above results, we immediately obtain Chamseddine and 
Connes's classification of irreducible triplets: 

Proposition 5.9 (Chamseddine-Connes [3, Propositions 2.5, 2.8]). Let A he a 

finite- dimensional real C* -algebra, and let (7i, J) he a real A-himodule of odd KO- 
dimension n mod 8. Then {A,TC, J) is an irreducihle triplet if and only if one of 
the following cases holds: 

(1) There exists n € N such that A — Mj,(K) for a real form Affc(]K) o/M„(C), 
and 

(5.2) mult[?^] = 2^^-''>^^Enn; 

(2) There exists n € N such that A = Affej(Ki) © Mfe2(K2) for real forms 
Affei(Ki) and Mk^{K2) o/M„(C), and 

(5.3) mult[W] = Emn2 + £^n2ni • 

5.2. Gradings. We now seek a classification of gradings inducing even KO- 
dimensional real bimodules from irreducible triplets. 

Definition 5.10. Let {A, H, J) be an irreducible triplet. We shall call a Z2-grading 
7 on 7Y as a Hilbert space compatihle with (A, Ti., J) if and only if the following 
conditions all hold: 

(1) For every a £ A, j\ia)j e A(^); 

(2) The operator 7 either commutes or anticommutes with J. 

Given a compatible grading 7 for an irreducible triplet {A,Ti., J), one can view 
{Hj^jJ) as a real ^°™"-bimodule of even if O-dimension, for — {a G A \ 

[A(a),7] = 0}, with ifO-dimension specified by the values of e and e" such that 
J2 = e, 7 J = e" J7. 

Now, recall that a Z2-grading on a real C*-algebra A is simply an automorphism 
r on A satisfying = id; we call such a grading admissihle if and only if T extends 
to a C-linear grading on Ac- Thus, if {A,H,J) is an irreducible triplet and 7 is 
a grading on 7i, then 7 satisfies the first condition for compatibility if and only if 
there exists some admissible grading F on ^ such that Ad^ oA = A o F, where Ada: 
denotes conjugation by x. 

Lemma 5.11. Let Mk{K) he a real form 0/ M„(C), and let a € Aut(M„(C)). 
Then a is an admissihle grading on Mfe(K) if and only if there exists a self-adjoint 
unitary 7 in Mfe(K) or iMfe(K), such that a = Ad^. 

Proof. Suppose that a is an admissible grading. Let Kq be C if K = C, and 
K otherwise. Then Mfc(K) is central simple over Kq, so that there exists some 
invertible element S of Mfc(K) such that a = Ads- Since a respects the involution, 
for any A e Mk (K) we must have 

{S-'^yA*S* = {SAS-^y = a{Ay = a{A*) = SA*S-\ 

i.c- [A,S*S] — 0, so that S*S is a positive central element of Mk(K), and hence 
S*S ~ cl for some c > 0. Thus, U = c^^/^S' is a unitary element of Mfc(K) such 
that a = Adjj- Now, recall that = id, so that Adj/2 = id, and hence U"^ = (1 for 
some CgTOKq. IfK = C, then one can simply set 7 = XU for A is a square root 
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of C- Otherwise, C/^ ±1, so that if C/^ = 1, set 7 = C/ G Affe(]K), and if C/^ = -1, 
set -f^iUe iMkiK). 

On the other hand, if 7 is a self-adjoint unitary in either Mfe(K) or iMfc(IK), 
then Ad^ is readily seen to be an admissible grading on Mfe(K). □ 

Let us now give the classification of compatible gradings for a type A irreducible 
triplet; it is essentially a generalisation of |3} Lemma 3.1]. 

Proposition 5.12. Let (A,Tt, J) be a type A irreducible triplet of odd KO-dimen- 
sion n mod 8, so that A is a real form A/fc(K) of Af„(C) for some n, and let 7 be 
a grading on Ti. as a Hilbert space. Then 7 is compatible if and only if there exists 
a self-adjoint unitary g in Mk{^) or iMfc(IK) such that 

(5.4) 7 = ±5® 1™, 5^, 

in which case 7 necessarily commutes with J . 

Proof. Let to„ = 2(i-^'/2^ Then H^C^® C"" ® C", and for aU a e ^, 

A(a) = \a{a)®lm^®ln = a®lm„fc®l«, p{a) = ln®lm^®\a{af = 1„® 1„„ ^a"^. 

Suppose that 7 is compatible. Then by Lemma 15.111 there exists some self- 
adjoint unitary g in either Mfc(IK) or ■jAf;j(K) such that for all a g ^, 

7(0 ® lm„ ® ln)7 = {gag) ® Inifc ® In- 

Now, let 7o = 3 (8> lm„ ® g^ ■ Then, by construction, 70 is a compatible grading 
for {A, Ti., J) that induces the same admissible grading on A as 7, and moreover 
commutes with J. Then v :— 770 G Uj^^ (7i; J), so that = 1„ J^nn 'X' In for some 

{{±1}, if n = 1 or 7 mod 8, 
SU(2), if fc 3 or 5 mod 8. 

Thus 7 = 5 (8) i^nn <^ g'^ , and hence, since 7 is self-adjoint, Vnn must also be self- 
adjoint. Therefore i>aa = ±lmi., or equivalently, 7' = ±7. 

On the other hand, if 5 is a self-adjoint unitary in either Mfe(K) or iMk(K), 
then 7 = g (g) Ijn^ g^ is certainly a compatible grading that commutes with J. □ 

Thus, irreducible triplets can only give rise to real .A''™"-bimodulcs of KO- 
dimension or 4 mod 8. 

Let us now turn to the type B case. 

Proposition 5.13. Let {A,Ti., J) be a type B irreducible triplet of odd L'CO-dimen- 
sion n mod 8, so that for some n Cz N, A = Mkii^i) © Mk2{^2) for real forms 
Mfcj(IKi) and Mk2{^2) of Mn{C), and let ^ be a grading on Ti. as a Hilbert space. 
Then 7 is compatible if and only if one of the following holds: 

(1) There exist gradings 71 and 72 on C", with 7j G Mfc^. (Kj) or iMk^(Kj), 
such that 

^^■^^ £"72®7rj' 

in which case 7J = e" J7, and if 7' is any other compatible grading, 
Ad-yi = Ad-y if and only if j' — ±7. 
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(5.6) 7 = 



(2) One has that Ki = IK2 = K and ki = k2 = k, and there exist a unitary 
u G Mfe(K) and jj e T such that 

rju* (g) 

JJU (x) 

in which case 7 necessarily commutes with J, and if 7' is any other com- 
patible grading, Ady = Ad-y if and only if Y = (Cln^ © Cln=)7 for some 
C G T. 

Proof. Let 7 be a compatible grading. Then, with respect to the decomposi- 
tion H = (C" (g) C") © (C" © C"), let us write 

for A, B, C and D e M„(C) M„(C). Applying self-adjointness of 7, we find that 
A and D must be self-adjoint, and that B = C*, and then applying the fact that 
7^ = 1, we find that 

A'^ + C*C = 1, CA + DC = 0, CC* + D'^ = 1. 

Finally, applying the condition that 7 commutes or anticommutes with J, i.e. that 
7J = e" J7 for s" = ±1, we find that 

D = e"XAX, C* = e"XCX, 

where X is the antiunitary on C" ® C" given by X : £_i (g) £^2 '-^ ^2 £,1 ■ 

Now, since 7 is compatible, and since (1, 0) and (0, 1) are projections in A 
satisfying (1,0) + (0, 1) = 1, there exist projections P and Q in A such that 

Ad., A(l, 0) = A(P, 1 - Q), Ad^ A(0, 1) = A(l - P, Q), 



that is, 



and 



(1 - Q) ® In) ^ 1 0/ ^ ~ VC^ CC* 



'(1 - P) 8) 1„ \ fO 0\ _ fC*C C*D^ 
Q®ln)~^\Q l)^~\DC £)2 

Thus, A is a self-adjoint partial isometry with support and range projection P(g) 1„, 
D is a self-adjoint partial isometry with support and range projection Q ® 1„, and 
C is a partial isometry with support projection (1 — P) (g) 1„ and range projection 
(l-g)(8)l„. 

Now, recalling that D = £"XAX, we see that 

Q ® 1„ = = XA^X = XP® InX = 1„ ® P. 

If = 0, then certainly P = 0. Suppose instead that Q ^ 0, and let £, € gC" (g) C" 
be non-zero. Then 

id^^c" = (Q (g> l«)l4(g.C" = (1<8)P)|{®C", 
so that P = 1 and hence Q = 1 also. We therefore have two possible cases: 
(1) We have 

_ fA 
^~\0 s"XAX 
for A a grading on C" (g) C"; 
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(2) We have 

_ fO C* 
^~yC 

for C a unitary on C" ® C" such that C* = {-1)"^XCX. 

Fhst suppose that the first case holds. Then, on the one hand, Ad^ 1m„(C)i8)1„ 
induces an admissible grading for M^^ (Ki), so that there exists a self-adjoint unitary 
7i in either Mfcj(IKi) or jMfej(Ki) such that Ad^ |m„(C)®i„ — Ad^jg,i„, and on 
the other hand, Ade"xAX |m„(C)®i„ induces an admissible grading for Mk2Q^2), 
so that there exists a self-adjoint unitary 72 in Mfc2(Ki) or iMk2{^i) such that 
Ade"XAX |m„(C)®i„ — Ad^2g,i„. Since for a ® 6 £ M„(C) M„(C) we can write 

a (g) 6 = (a (g) ln)X{b (g) 1„)X, 

it therefore follows that Ad^ = Ad^^^^T on the central simple algebra M„(C) (g) 
M„(C) = M„2(C) over C. Hence, there exists some non-zero rj G C such that 
A = rjji (g 7J, and since both A and 71 (g 7J are self-adjoint and unitary, it follows 
that rj = ±1. Absorbing ±1 into 71 or 72, we therefore find that 

fli'^ll 
^ ^ £"72g)7f 

On the other hand, 7 so constructed is readily seen to be a compatible grading 
satisfying 7 J = e" J7. 

Now suppose that the second case holds. Then, since 7 is compatible, it is clear 
that the automorphisms a, /3 of M„(C) specified by 

a(a) g) 1„ = C{a g) 1„)C*, /3(a) g) 1„ = C*(a 1„)C, 

are inverses of each other, and that a, in particular, induces an isomorphism 
Mfci(IKi) Mfc2(K2), so that Ki = K2 = K and ki = k2 = k. Next, by the 
proof of Lemma TS.lli there exists some unitary u in M„(C)/ such that a — Ad„, 
from which it follows that (3 — Ad„. . By the same trick as above, we then find that 
Adc — Ad„^„T on the central simple algebra M„(C) g) M„(C) = M„2(C) over C. 
Hence, there exists some non-zero 77 G C such that C = r/u (g tt"^, and since both C 
and u g) M"^ are unitary, it follows that 77 G T. Thus, 

_ / ^u* g 
~ \qu 

On the other hand, 7 so constructed is readily seen to be a compatible grading 
satisfying [7, J] — 0. 

Finally, let 7 and 7' be two compatible gradings. Suppose that Ad^ — Ad^/, 
and set U = 7'7. Then, by construction, [/ is a unitary element of C^{H; J), so 
that there exists some C G T such that 

If the second case holds, then nothing more can be said, but if the first case holds, 
so that 



7i®72' 
^ ^ e"72g'7r 



for suitable 71 and 72, then 



e"C72 7f 
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SO that by self-adjointncss of 7', 71 and 72, wc must have = ±1, as required. □ 

Thus, we can obtain a real bimodule of JCO-dimension 6 mod 8 only from a 
type B irreducible triplet together with a compatible grading satisfying the first 
case of the last result. 

5.3. Even subalgebras and even ii'O-dimensional bimodules. We now 

consider real bimodules of ii'O-dimcnsion 6 mod 8 obtained from irreducible triplets. 
Thus, let {A, H, J) be a fixed type B irreducible triplet of i^TO-dimension 1 or 
7 mod 8, and let 7 be a fixed compatible grading for (A, H, J) anticommuting with 
J, so that for some n G N, 

• A = Mk, (Ki) © Mk^ {K2) for real forms . (K^-) of M„(C); 

• mult[H] = En^n2 + En2ni; 

• There exist self-adjoint unitaries € M^. (Kj) or iMk^ (Kj) with signature 
{rj,n — Tj) such that 

(11 

It is worth noting that {Ti, J) admits, up to sign, a unique S'^-real structure, given 
bye = 1„2®— 1„2, which certainly commutes with 7. We can exploit the symmetries 

present to simplify our discussion by taking, without loss of generality, rj > 0, and 
requiring that 71 G zMfe^(]Ki) only if 72 £ iMk2{^2), and that 71 = 1„ only if 
72 = In- 

Our main goal in this section is to give an explicit description of and of 

(7^,7, J) as a real ^°™"-bimodulc. To do so, however, wc first need the following: 

Lemma 5.14. Lei M/5(K.) be a real form ofMn{C), let g be a self-adjoint unitary in 
Mfc(K) oriMkiK), and letr = null(g-l). SetMk{K)3 := {a e Mk{K) \ [a,g] = 0}. 

• Ifge Affe(K), then Mfc(K)9 ^ Mfc,/„(K) M^„_^y„{K); 

• If g € iMfc(K), then r = n/2 and 

Mfc(K)s - {{a, b) e Mfe/2(C)2 I 6 = a} - Mfc/2(C). 

Proof. Let P+ := ^(1 + g) and P~ :— ^(1 — ,9), which arc thus projections 
in M„(C) of rank r and n — r, respectively. Define an injection (j) : Mi^{Ky 1— > 

Mr{C) e Mn-r{C) by 0(A) := (peven^peven^ podd^podd)_ 

First, suppose that g G Mfe(K). Then P+ and P~ are also in Mfc(K), from 
which it immediately follows that (j){Mk{Ky) = Mkr/nO^) © Mk{n-r)/nQ^)- 

Suppose instead that g G iMk{K) and K 7^ C. Then Mfe(K) = {A e M„(C) | 
[A, I] = 0} for a suitable antiunitary / on C" satisfying P = al, where a = 1 if 
K = R and a = — 1 if K = H. Then {g,I} = 0, and hence, with respect to the 
decomposition C" = P+C" P'C" C""'', 

ai* 

1 

where 7 = poddjpeven g^jj antiunitary C C""''. Thus, n is even and r = n/2, 
and taking /, without loss of generality, to be complex conjugation on C", for all 
A G M„(C) commuting with g, [A, I] = if and only if P'AP" = P+AP+, and 
hence .^(Mfe(]K)s) = {{a, a) \ a G M„/2(C)} ^ M„/2(C). □ 
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In light of the form of 7, this last Lemma immediately implies the aforemen- 
tioned explicit description of g^j^j (7i,7, J): 

Proposition 5.15. Let (m'=™", to°'^^) = (m'=™", (to"™")"^) be the pair of multi- 
plicity matrices of (Ti^j, J) as an even KO -dimensional real A°^™-bimodule. Let 
r[ — n — ri, and, when n is even, let c = n/2. Then: 

(1) //71 e iMkA^i), 72 G iMkM), then 

(5.7) X™" = Me(C) ® Me(C), 
anrf 

(5.8) m''^''" = -Bcica + ^iC2 + -E-caci + £"0201 ; 

(2) //71 G iMfe,(Ki),, 72 e MkM) \ {In}, </ien 

(5.9) ^^^'^ = Afe(C) ® A4-,,,/„(IK2) ® A4,,y„(K2). 
and 

(5.10) m^™" = i;er2 + i^cri + ^r^c + ^^r^c; 

(3) //71 EiMkA^i), 72 = 1, t/ien 

(5.11) X™'^ = M, (C) © Mfe, (K2 ) , 
and 

(5.12) m<=^™ = Sen + i^nc; 

(4) //71 e MkA^i) \ {U}, 72 e ^14^(^2) \ {In}, t/ien 

(5.13) A''""' = Mk.r./ni^i) ® A4^,;/„(Ki) ® Mfe,,,/„(K2) © Mfc,,./„(K2), 
and 

(5.14) m''™'^ = i;r,r2 + £^r;r^ + ^^r^r', + ^^r^n i 

(5) //71 G Mfe,(Ki) \ {1„}, 72 = In, then 

(5.15) X™" = Mk,r,/n{^l) e Mfe,,;/„(Ki) © Mfe,(K2), 

and 

(5.16) m^™" = £;r,„ + £;„r;; 
ziem //71 = 72 = In, then 

(5.17) ^'^^^ = Mk, (Ki) © Mfe, (K2), 
and 

(5.18) m<=™" = i?„,„,. 

One can check in each case that {7i, 7) is quasi-orientable as an even 
bimodule. However, Propositions 13. l"3l and [3. 141 immediately imply the following: 

Corollary 5.16. The following are equivalent for (7i, 7) as an even A^^™ -bimodule: 

(1) 71 G Mfc,(Ki) and 72 G Mk,{K2); 

(2) {Tijj) is orientable; 

(3) (7i, 7) /las non-vanishing intersection form; 

(4) (7Y, 7) is complex-linear. 

This then motivates us to restrict ourselves to the case where 71 G Mfcj(IKi) 
and 72 G Mfe2(K2). Note, however, that in no case is Poincare duality possible. 
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5.4. Off-diagonal Dirac operators. Let us now consider the slightly more 
general iS^-real ^''^"-bimodulc {Hfj'^f, Jf,£f) of /-iTO-diniension 6 mod 8 given 
by taking the direct sum of N copies of {H, 7, J, e), where N ^ N. If we modify our 
earlier conventions slightly to allow for the summand in Wedderburn decomposi- 
tions, we can therefore write 

(5.19) - A4^,^/„(Ki) © Mk.r'jni^i) ® Mfe,,,/„(K2) © Mfe,,,- (IK2), 

so that {Hf,Jf,Jf) is the real ^°™"-bimodule of ii'O-dimension 6 mod 8 with 
signed multiplicity matrix 

(5.20) fiF = N{Erj^r2 - -^rir^ - ^r[r2 + ^r'^ri^ ^ ^^rari + Er^r[ + -E'r^ri " ^r^r'J, 

whilst {Hf,'jf) := {{'HF)i, (7F)i) is the even ^°™"-bimodule with signed multiplic- 
ity matrix 

(5.21) Hf = N{Er,r2 - Er,r', ~ ^^r'^r, + Er'^r'J ■ 

It then follows also that {Hj,jj) :~ (JFTi-f , —{JFjfJF)\jpnf) is the even 
bimodule with signed multiplicty matrix 

Now, for C a unital *-subalgebra of let us call a Dirac operator D £ 

'Do(C,Ti.F,"fF, Jf) off-diagonal if it does not commute with e^, or equivalently [3l 
§4] if [L>,Z(^)] ^ {0}. IfPi(C,Hi^,7F, JF,eF) C Vo{C,nF,lF, Jf) is the subspace 
consisting of Dirac operators anti-commuting with ep, then, in fact, 

(5.22) 'Do{C,Hf,1f, Jf) = VoiC.HFnF, Jf,<^f) ® 1)1(0, Hp, If, Jf^^f), 
as can be seen from writing 

D = ^{D,eF}eF + ^[D,eF]eF 

for D G 'Do{C,Hp,jF, Jp). Thus, non-zero off-diagonal Dirac operators exist for 
(Tii?, jp, Jpjep) as an S'^-real C-bimodule if and only if 

Vi{C,nF,-/p,Jp,eF)^{0}. 

Our goal is to generalise Theorem 4.1 in [3l §4] and characterise subalgebras of 
^cvcn q£ jj^aximal dimension admitting off-diagonal Dirac operators. 
The following result is the first step in this direction: 

Proposition 5.17 ([3, Lemma 4.2]). A unital *-subalgebra C C ^cvcn ^fi^Hg gjj. 
diagonal Dirac operators if and only if there exists some partial unitary T G /^(C^ © 
C"! © ©C^) with support contained in one 0/ C"^ or Ci and range contained 
in one of or , such that 

C C A{T) := {a e A"""' I [a,T] = [a*,T] = 0}. 

Proof. First note that the map Pi (C,Hf,7f, >/f, ef) ^ >Cc (^/ ' ^7) Si^en by 
D P^iDPi is an isomorphism, so that C admits off-diagonal Dirac operators if 
and only if jC^{Hf,'Hj) ^ {0}. Since a map 5* G ^{'Hf, TLj) satisfies the generalised 
order one condition for C if and only if pj{c)S — Spf{C) is left C-lincar for all c G C, 
C admits off-diagonal Dirac operators only if 

{5 G 4(H/, Hj) I -775 - ^7/} / {0}, 
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or equivalently, 

CCAs:={a€ C^^™ I Xj{a)S = SX{a), Xj{a*)S = SX{a*)} 

for some non-zero S € jCCHf, Tij) such that — TjS = 57/. 

Now, let S G C{7if,Ti.j) be non-zero and such that —"tjS = S^f. Then, the 
support of S must have non-zero intersection with one of ('HF)rir2 or {TLF)r{r'^ , and 
the range of S must have non-zero intersection with one of ('HF)r2ri or {'HF)r'r' ■ 
Thus, ^ for some (a,/J) e {(n, rs), «, r^)} and {^,S) e {(rs, ri), (r^, r{)}, 
so that As C Ag-,5 . Let us now write 

i 

for non-zero Aj £ M„^xn„(C) and for linearly independent Bi G MNnsxNn^i'C-)- 
Then for all a e 

Aj(a)5 - SXf{a) = ^{X^{a)Ai - AiXoc{a)) <g) Bi, 

i 

SO by linear independence of the Bi, a ^ Aay/< if and only if for each i, 
X^{a)Ai = AiXa{a), X^{a*)Ai = AiXa{a), 

and hence 

A{S) C As-,3 C A{Tq) := {a e I [a. To] = 0, [a*,Ti] = 0} 

a/3 

for To = Ai, say, viewing Tq and the elements of as operators on ® Ci © 
C"^ ® . However, if Tg = PT is the polar decomposition of Tq into a positive 
operator P on and a partial isometry T : C"° C"^ , it follows that a G _4oven 
commutes with Tq only if it commutes with T, and hence ^0 ^ A{To) C A{T), 
proving the one direction of the claim. 

Now suppose that C = A{T) for a suitable partial isometry T, which we view 
as a partial isometry C"°o C^io for some ao G {ri,r'^}, 70 G {r2,r2}. Then 
for any non-zero T G Mn{C), we can define an element S{T) G C^iTLf ^Tij) by 
setting 

S(rV^ =[^®^®^* if« = '5 = ao, /3 = 7 = 7o, 
^ ^"'^ [0 otherwise, 

which, as noted above, corresponds to a unique non-zero element of the space 
■Di(C, T-Lf, 7f, Jf, ef), so that C does indeed admit off-diagonal Dirac operators. □ 

In light of the above characterisation, it suffices to consider subalgebras A{T) 
for partial isometrics T : C"^ , so that 

(5.23) ^(T) = {(ai,a2,6i,62) gX™" I 6ir = rai, blT = Tal] 

(5.24) ^ Ao{T) ® Mfe,^;/„(Ki) © Mfe,^-/„(Kft), 
where 

(5.25) A(T) := {(a, 6) G Mfc,,^/„(Ki) © M;,,,,/„(K2) | hT = Ta, b*T = Ta*}, 

so that our problem is reduced to that of maximising the dimension of ^0(7")- 

It is reasonable to assume that T is, in some sense, compatible with the algebraic 
structures of Mfejrj/„(Ki) and Mi.^j.^/„{K2), so as to minimise the restrictiveness of 
the defining condition on Ao{T), and hence maximise the dimension of Ao{T). It 
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turns out that this notion of compatibiUty takes the form of the following conditions 
on T: 

(1) The subspace supp(T) of is either a Ki-linear subspace of C"^ = 
j^feiri/n Q^.^ .J ^ supp(r) = E®C ioi- E an H-hnear subspace of 

(2) The subspace im(r) of is either a K2-linear subspace of = kJ^^'^^^" 
or, if IK2 = H, im(T) = © C for an H-linear subspace of C^^ = H''^/^. 

Now, let r = rank(r), let d{r) = dimR(^o(r)), and let 

{1 if = R, 
2 if K, C, 
i if K, = M. 

Under these assumptions, then, one can show that 

(1) If Ki = K2 or K2 = C, and, if Ki = H, r is even, then 

(5.26) Aa{T) ^ Mk.r/J^l) ® A4i(ri-r)/n(Kl) © Mfc,(,,„,)/„(IK2), 

and hence 

d{r) = dir^ +di{r- rif + d2{r - r2f] 

(2) If (Ki,IK2) = (H,R) and r is odd, then 

(5.27) An{T) ^ (A/(,_i)/2(H)nAf,_i(M)) ©M©Af(,,_,_i)/2(H)©M,,_,(R), 

and hence 

d{r) = (r - 1)2 + 1 + i(r - r2 + 1)2 + (r - nf; 

(3) If (Ki,K2) = (H,C) and r is odd, then 

(5.28) A(T) ^ Af(,_i)/2(H) © C © M(,,_,_i)/2(H) © M,,_,(C), 
and hence 

d{r) = i(r - 1)2 + 2 + i(r - r2 + 1)2 + 2(r - nf- 

(4) If Ki = K2 = H and r is odd, then 

(5.29) A(T) - M(,_i)/2(H) © C © Af(,,_,_i)/2(H) © M(,,_,,_i)/2(H), 
and hence 

(5.30) d{r) = i(r - 1)2 + 2 + i(r - n + 1)2 + l(r - r2 + 1)2. 

The other cases are obtained easily, by symmetry, from the ones listed above. 

Now, let Rinax be the set of all r G {1, . . . ,min(ri, r2)} maximising the value 
of d{r) . By checking case by case, one can arrive at the following generalisation of 
Theorem 4.1 in [3]: 

Proposition 5.18. Let T : he a partial isometry. Then A{T) attains 

maximal dimension only if rank(T) G Rmax, where Rmax = {1} except in the 
following cases: 

(1) (IKi,K2) = (C, C) and (ri,r2) — (2,2), in which case Rmax — {2}; 

(2) (]Ki,K2) = (C, C) and (ri,r2) = (3,3), in which case Rmax = {1,2}; 

(3) (IKi,K2) = (C,]R) and (ri,r2) = (2,2), m which case Rmax = {1,2}; 

(4) (IKi,K2) = (C,H) and (ri,r2) = (2,2), m which case Rmax = {1,2}; 
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(5) ( 


Ki,K2) = (I 


C) and (ri 


ra) 


= (2,2), 


m which case Rmax = 


{1,2}; 


(6) ( 


Ki,]K2) = (I 


R, M) and (n 


7'2) 


= (2,2), 


m which case Rmax — 


{2}; 


(7) ( 


Ki,]K2) = (I 


R, R) and (ri 


^2) 


= (3,3), 


in which case Rmax = 


{1,2}; 


(8) ( 


Ki,]K2) = (I 


H) and n = 


= 2, 


m which 


case Rmax = {1, 2}; 




(9) ( 


Ki,K2) = (I 


I, C) and (ri 


^2) 


= (2,2), 


in which case Rmax — 


{1,2}; 


(10) ( 


Ki,K2) = (I 


1, M) and ra = 


= 2, 


m which 


case Rmax = {1, 2}; 




(11) ( 


Ki,]K2) (I 


a, H) and (ri 


^2) 


= (4,4), 


in which case Rmax — 


{4}; 


(12) ( 


Ki,]K2) = (I 


H, H) and (ri 


^2)y^(4,4), 


in which case Rmax = 


{2}. 



Moreover, ifT satisfies the aforementioned compatibility conditions, then A{T) does 
indeed attain maximal dimension whenever rank(T) G Rmax ■ 

One must carry out the same calculations for the other possibilities for the 
domain and range of T, but this can be done simply by replacing (ri , ra) in the above 
equations and claims with (rijTa), {r'i,r2) and (r^jrj). Thus, one can determine 
the maximal dimension of a subalgebra of ^<5™" admitting off-diagonal operators 
by comparing the maximal values of dimR(yt(T)) for T : ^ C'■^ T : ^ , 
T :€< ^ , and T : . 

Finally, by means of the discussion above and the fact that Sp(n) acts tran- 
sitively on 1-dimensional subspaces of C", one can readily check that the real 
C*-algebra Af and the S'°-real .4i?-bimodule {Ti.F,jF,JF,£F) of ifO-dimension 
6 mod 8 of the NCG Standard Model are uniquely determined, up to inner auto- 
morphisms of and unitary equivalence, by the following choice of inputs: 

• 71 = 4; 

• (Ki,K2) = (H,C); 

. gi e M2(ia), 32 € M4(C); 
. (ri,r2) = (2,4); 

• TV = 3. 

The value of N, by construction, corresponds to the number of generations of 
fermions, whilst the values of n, ri and r2 give rise to the number of species of 
fermion of each chirality per generation. The significance of the other inputs remains 
to be seen. 

6. Conclusion 

As we have seen, the structure theory first developed by Paschke and Sitarz [20] 
and by Krajewski [18] for finite real spectral triples of ifO-dimension mod 8 and 
satisfying orientability and Poincare duality can be extended quite fully to the 
case of arbitrary ifO-dimension and without the assumptions of orientability and 
Poincare duality. In particular, once a suitable ordering is fixed on the spectrum of 
a finite-dimensional real C* -algebra A, the study of finite real spectral triples with 
algebra A reduces completely to the study of the appropriate multiplicity matrices 
and of certain moduli spaces constructed using those matrices. This reduction is 
what has allowed for the success of Krajewski's diagrammatic approach [TH] §4] in 
the cases dealt with by lochum, Jureit, Schiicker, and Stephan [T^HTTll^ . We have 
also seen how to apply this theory both to the "finite geometries" of the current 
version of the NCG Standard Model [4l|7l[8] and to Chamseddine and Connes's 
framework [2ll3] for deriving the same finite geometries. 

Dropping the orientability requirement comes at a fairly steep cost, as even 
bimodules of various sorts generally have fairly intricate moduli spaces of Dirac 
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operators. It would therefore be useful to characterise the precise nature of the 
failure of orientability (and of Poincare duality) for the finite spectral triple of 
the current noncomniutative-geometric Standard Model. It would also be useful 
to generalise and study the physically-desirable conditions identified in the extant 
literature on finite spectral triples, such as dynamical non-degeneracy [2 2) and 
anomaly cancellation '18]. Indeed, it would be natural to generalise Krajewski 
diagrams [18] and the combinatorial analysis they facilitate (17j to bilateral spectral 
triples of all types. The paper by Paschke and Sitarz [5D] also contains further 
material for generalisation, namely discussion of the noncommutative differential 
calculus of a finite spectral triple and of quantum group symmetries. In particular, 
one might hope to characterise finite spectral triples equivariant under the action 
or coaction of a suitable Hopf algebra [2T1[25 . 

Finally, as was mentioned earlier, the finite geometry of the current NCG Stan- 
dard Model fails to be S'°-real. However, this failure is specifically the failure of 
the Dirac operator D to commute with the 5'°-real structure e. The "off-diagonal" 
part of D does, however, take a very special form; we hope to provide in future 
work a more geometrical interpretation of this term, which provides for Majorana 
fermions and for the so-called see-saw mechanism [4]. 

References 

[I] John W. Barrett, A Lorentzian version of the non- commutative geometry of the standard 
model of particle physics, J. Math. Phys. 48 (2007), no. 012303. 

[2] Ali H. Chamseddine and Alain Connes, Conceptual explanation for the algebra in the non- 
commutative approach to the Standard Model, Phys. Rev. Lett. 99 (2007), no. 191601. 
[3] , Why the standard model, J. Geom. Phys. 58 (2008), 38-47. 

[4] Ali H. Chamseddine, Alain Connes, and Matilde MarcoUi, Gravity and the Standard Model 
with neutrino mixing. Adv. Theor. Math. Phys. 11 (2007), 991-1089. 

[5] Alain Connes, Geometry from the spectral point of view, Lett. Math. Phys. 34 (1995), no. 3, 
203-238. 

[6] , Noncommutative geometry and reality, J. Math. Phys. 6 (1995), 6194—6231. 

[7] , Noncommutative geometry and the Standard Model with neutrino mixing, JHEP 11 

(2006), no. 81. 

[8] Alain Connes and Matilde MarcoUi, Noncommutative Geometry, Quantum Fields and Mo- 
tives, Colloquium Publications, vol. 55, American Mathematical Society, Providence, RI, 
2007. 

[9] George A. Elliott, Towards a theory of classification, Adv. in Math. 223 (2010), no. 1, 30-48. 
[10] , private conversation, 2008. 

[II] Douglas R. Farenick, Algebras of Linear Transformations, Springer, New York, 2000. 

[12] Bruno lochum, Thomas Schiicker, and Christoph Stephan, On a classification of irreducible 
almost commutative geometries, J. Math. Phys. 45 (2004), 5003-5041. 

[13] Jan-H. Jureit and Christoph A. Stephan, On a classification of irreducible almost commuta- 
tive geometries, a second helping, J. Math. Phys. 46 (2005), no. 043512. 

[14] Jan-Hendrik Jureit, Thomas Schiicker, and Christoph Stephan, On a classification of irre- 
ducible almost commutative geometries III, J. Math. Phys. 46 (2005), no. 072303. 

[15] Jan-Hendrik Jureit and Christoph A. Stephan, On a classification of irreducible almost com- 
mutative geometries IV, J. Math. Phys. 49 (2008), 033502. 

[16] , On a classification of irreducible almost commutative geometries, V (2009). 

[17] Jan-H. Jureit and Christoph A. Stephan, Finding the standard model of particle physics, a 
combinatorial problem, Comp. Phys. Comm. 178 (2008), 230-247. 

[18] Thomas Krajewski, Classification of finite spectral triples, J. Geom. Phys. 28 (1998), 1—30. 

[19] Bing-Ren Li, Introduction to Operator Algebras, World Scientific, Singapore, 1992. 

[20] Mario Paschke and Andrzej Sitarz, Discrete spectral triples and their symmetries, J. Math. 
Phys. 39 (1998), 6191-6205. 



60 



BRANIMIR CACIC 



[21] , The geometry of noncommutative symmetries, Acta Physica Polonica B 31 (2000), 

1897-1911. 

[22] Thomas Schiicker, Krajewski diagrams and spin lifts (2005), available at 

|arXlv : hep-th/0501181v2 | 
[23] Andrzej Sitarz, Equivariant spectral triples, Noncommutative Geometry and Quantum 

Groups (Piotr M. Hajac and Wieslaw Pusz, eds.), Banach Center Publ., vol. 61, Polish Acad. 

Sci., Warsaw, 2003, pp. 231-268. 
[24] Gerald W. Schwarz, Smooth functions invariant under the action of a compact Lie group. 

Topology 14 (1975), 63-68. 
[25] Christoph A. Stephan, Almost-commutative geometry, massive neutrinos and the orientabil- 

ity axiom in KO-dimension 6 (2006), available at |arXiv : hep-th/0610097vl [ 

Max Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany 
Current address: California Institute of Technology, Department of Mathematics, MC 253- 
37, Pasadena, CA 91125, U.S.A. 

E-mail address: branimirOcaltech.edu 



